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1 N~gative numbers 
f' . 

What ·a:re negative numbers? How are they defined? . 
~ ! ' ) . 

-r~e. ()Umbers le.s.s -t+a'"l 9:;efO o.te co.lled ~ve f\umber.s 
.- . l .. .. 

, · '\ . -· . 
~ ·, ..._.. ~ , " i I I 

; 

' ' 
0 - ~· ~ ' • • • • ~ 

The set of integers is: ~ ~- "1. -3, - '2.1 -I, OJ 1, l., 3, _ .. } 

-1-1-· 1-l-1-l-·l-l-. lr- :-::-.-, , l'-1-l-l-1-l-l-l-1--+ 
..:9 -8 -7 -6 -5 -4 .;.3 -~ . ~1 . 0 .. l, 2 3 4 5 ' 6 7 8 9 

-----~-~:;:--~y.- : . •· ./_'::~~- --~ .. ,~~~-----y-r--------
C.. 1\~ NMber~ polin"ve.. 1'\Ucnbus .. 
~Ar.p~p~l~Ic~~~~~on~s~of~.m~te~g~er~s~: --~-------~~~~~-~~ -------------------------J 

; . , ·.··, , ~.G,r.s < · ... 
--- ' •.. , \I ti.~ ~~~ ~~- -~ .. : \ 
~ ~ ' . 

* Fl ev~·trQI)" ~ ~·qb;>Ve ~bet.ousi s~ :level; 
'- ' _ .... 

.( .> f 

~ s~~ ·· -~-~~~n~ ~ -~d;+~ I ckbtb·:/ 
, ,~ .:-:-~. - ·-· ."; ' • ': -~- ~ ~ f _1 $ · • ..,. { ..... ~ - ' .: • 

~,- ~~ ' ' · .. { ~- ) ~- - .... 
..... • • • .. ) : \ • t ! '-

. ,; ... 
f 

'· 
o< 

}.t. '" ... ~-. . ..J' ' ' ", t ttt· . 
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1.1 Order of integers 

Problem 1. Place a, b, and c on the number line given a :S 0 :S b :::; c. Then place -a, -b, 
and -c on the number line. - q ~ o '?--b)/ -c. 

( Q \ 

-1-1 :' I I I I I I I • 
-9 -8 -7 -6 -5 -4 -3 -2 -1 0 

1.2 Absolute value 

-Q 
l-1-l-l-l-1-l---l-1--+ 
1 2 . 3 4 5 6 7 9 

Definition of absolute value: uiS~Mli beJ-u,eel\ ~ {\uMber 0((\d ~0 ;n iN2.. nun~ 

I b I = b ~~ b)O 

lbl = -b ~~ bzo 
i llol I .S -itl e dc.s+onGe Qrorn b .J-o 0 . 

Problem 2. Place a, b, and c on the number line given a :S 0 :::; b :::; c. Then place Ia!, lbl, 
and lei on the number line. ~ Ia 1-:.- ~ ) 

~ -q b c.. . 
·-1-1-l-l-l-1-l-l .q 0 11 l-l--+-1-l-l--1-l-l--+ 

-9 -8 -7 -6 -5 -4 · -3 -2 ~-1 0 1 2 3 ~ 4 5 6 J 7 8 9 

~ lbl:b lc.\:C. 

Problem 3. Determine if the statement is true for all pairs of integers (a, b), or true for 
some and false for others, or false for all pairs of integers. 

a) Ia + bl = lal + lbl ~ True 

\Qtb).::: 13+51-= 18)=8 
l~)t\51 = 3+'f.:::CO /::: 

{?or :s(]J'('(2. 1 ~ lse.. _@Dr s c:N-e.. ott'<U5 

a.:t3 1 i CA-t b 1 ::: 1 3 + l-S" Jl = l( -1J \ =- 2 

b~-? { 13 t-rl-'7l = 3-t'5" ~:/b ~ 

b) Ia + bl:::; lal + lbl ~ True fer QAJ # Thrs rs C!Uie.d -klaAale iY\equ.atrtJ. 

c) Ia- bl = lb- al ~True f-or cUA 

I q - b \ :::. a - b I b -q \ ::: - C b -a ) 
~ ~ =CI.-b 

1~ Q-b >o '" -::> 

~ ~>b ' 
+hen 0 > b-q 

= 

\O-bI - -(a-b).::. b-Q =- \ b-a \ 

~~ a- bzO 
q<:b 

~€/) Q < b-q 
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1.3 Models for integer representation 

-3 J r't 
-1-1-1-1-1-1 fE I a I I I I ~ 1-1-1-1-1--+ 

-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 

' .. 

·. . : ~ i ~ I ' 

.-

3 



2 Addition 

2.1 Positive + Negative 
~ 

Problem 4. Find 3 + ( -5,~--using the --chip · m!iid:et·and'~{ke;:.~ector model. 

T~, ) 
_, 

"J:i'rs~ ( I) vl'if"s TO '"4+ 
~ ( ?> \.Jni+.s +o rran-t-) • 

\ 
+3 \ ~ <(I ' I 

-3, E}) -I 0 2 3 

( ' -1 

2.2 Negative + Positive 

Problem 5. Find -5 + 3 using the chip model and the vector model. 

-t-3 
~ t 

~ 
-'i 

~ .. , 

<E f I I & -S -lt -~ 

( I I I , .. -? 
:· _, 0 2 3 ~ s-

< 1 

2.3 Negative+ Negative · 

Problem 6. Find -5 + ( -3) using the chip model and the vector model. 

-3 -5 
(= .;~ 

~ \ I , I I f I ( ( ( -7 
@ -7 -h -5 -~ -3 -'2. -I 0 a 

._g 

-5 + (-'6 )::: -3 

4 
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3 Subtraction 

Pay attention to the definition of subtraction as finding the-missing addend. It helps with 
·· - ~ understanding integer subtraction. ~ 

,_ l ' ; 

I 
-7 . 

~ 

~ 

3.1 Positive - Positive 

Problem 7. Find 4 - 7 using the chip model and the vector model. 

0 ~~ 
'---__,~ l + =- 4 · U>~i- numb~ d;o~add 1 +o 

Jtl!:-----.... . 8 e+ 4? 
;~ -- -3 l 

~ I ( \ t 
-y "".) -t _, 0 +I +2_ -t 3 +t, CJ -\- b -t-1 

3.2 · Positive - Negative 

Problem 8. Find 2- ( -5) using the chip model and the vector model. 

t7 

{ I I I 

-4 -3 -2 -I 0 

2- (-5):: 1 

3.3 Negative - Positive 

I' l 1 
.2 .3 y.·, 

l5 

tu hQ+ f\umbu- d, uJe qdd • 

-5" bo 9eA· 2? 

I ·I ;> 
"b 1 

Problem 9. Find -6- 8 using the chip model and the vector model. 

\.... ~ ~ +D:: _ b w~+- nvM b~ do vJ€ Cidd 
8 -t<> 5e.+- -b ? 

I I I t I I ' I I I \ I f I I ~ t t I I ,~ 

-1~ -I~ -12. -II -10 -1 -<iS -1 -(:, -'J -lf -3 -l- _, 
0 I 2 l{ lf " 6 7 ~ 

I 
-14 

•' ; -b -~ == ~l~ 5 



t 

~ I 
-I~ 

3.4 Negative- Negative 

Problem 10. Find -4- ( -1) using the chip model and the vector model. 

\.. · · _ q ·-r· Q ;; - y uJ ~at f\01'1\bef do ~odd 
~ · -CJ to ~e+- ... 4? 

< I I I I f I I 

-1 -h -C) .;_4 -3 -7_ -I (} 

-1 ~ 

I f' r 
3 4 

l-- 7 
-t-5" 

-~ - (- .q ) = r? 

4 Multiplication 

Unfortunately, models for mu~ti:plication and division involving negative numbers are not as 
intuitive as models for positive numbers. One can think about it either in terms of time or 
temperature to make sense, ~ut even then it is a bit more challenging. The clearest way of 
understanding seems to be observing the pattern. The chip model is not a good model to 
use for either multiplication or division involving negative numbers. 

4.1 Positive x Negative 

The repeated addition definition still works here. 

Problem 11. Find 6 x ( -3) using repeated addition. Show your work on the number line. 
~ 

4 3 2 l 

b s- ~ l 
K \c!- .~ 

·~ \ I I ( ( I l I I I I I I ·~ I \ I ' I \ I 
I ' I t ' 6 

-15 -12. -'] -b -3 0 3 1 

-JC:O 

' ·· , 6 x. .C-3) ~-1 ~ 

4.2 Negative x Positive 



4.3 Negative x Negative 

X -4 -3 -2 -1 0 1 2 3 4 

4' -th -12 -8 -t, o- 4 8 ; 12 16 I' 1? 

~~ 3 -t2 -q -b -3 0 3 6 9 12 
2 -~ -b -t, -:?- 0 2 4 6 8 
1 -t, -3 -l. -I 0 1 ' 2 3 ·" 4 
0 0 0 0 0 ~ 0 0 0 0 
-1 ~ 3 .2. ' 0 -I -2 -3 -4 
-2 \ g 6 ; 4 2. 0' -l -(( -li .;..g ' 

-3 ll q b 3 0 -3 -b -q -1.2 

-4 lb ll ' 4 0 -~ -~ -12. _,b 

I n 

5 Division 

It is best to think about division as finding t he ~Jac_0r. In that case, we see that the 
rules for multiplication apply to division as well. ~- ' 

.) 
5.1 Positive ...;... Negative 

Problem 12. Find 32 -7- ( -8) and explain in terms of finding, the missing factor. 

l 11 { -s) x·"£ -4 \ ; 3 2 ( t-g) +tMe s v0ro+ 
N'<J.. tes 3:2 ? - ·c.kck:. 

--------~~ fY\U.Ih-ph·- .\ 

? CQ-ht1\~bltj 
9l .1 ~ w ~ rs -tke sij/\ i Mi~~ ~(;far • 

f'()<.l(ttplic~1-J'QI\ --\Qble -t·et\s ~ 1+ 1S "~Cl(-!1Ve. 

e. • 2 .::t (I gnoce s 1805 ) ~ ~j ~ ~t.e.s 3.1 ? ( 4) 

5 .• 2 Negative ...;... Positive 

Problem 13. Find -42 -7- (6) and explain in terms of finding the missing factor. 

&l . l ~ whQr iS +he. .5~1) rj.. M~"lj ~~] ' 
Mulh"P· {q!Jie +e-f(s ~ -1+- rs 0ecJ?tHve . l-) 

1),.1~ ttou.HV'O)j 6 ~~ £,2. {b~ aj"«"~~ ~o.s)? 

7 7 



5.3 Negative -7- Negative 

Problem 14. Find -54-;- ( -9) and explain in terms of finding the missing factor. 

L, l-q),'( 0 -= -?Lr 
~----:-:----:---~ 

e-; .\ ::::p uJ~+- is #e S~() ~ -fte MISS~ ~tJ-cgr-? 
· ';·_·< ,_.Posffive · 

6 
&l.J.~> ~OUJ~j · 4 ~~s 5ft? 

Problems b 
Problem 15. Creatd a word problem }or -24 + 10, using the vector model . 

... . .... 

lhe +e.mperq\-1.Jre at- Mldnrah+ WA.5 -21./C. \+ lrt:reased IQCC dun'f'S -the 

c:l~j. WhQ+- <J..Xl.S +he ~fei'G-kM'e dur1yS the dctj ? 
t -tiO ) 

• 
!- 2£., 

( I I 
<:: 1''' 1 ~ 1 '''1''''1 ,11 •r•j•••tl•••f• ., • I ••f••••f••••ltttr)> 

-30 -20 L -10 0 10 2.0 

~ - ·~ 4 . 
Problem 16. Create a word problem for -19 + (-1 31}, using the money m odel. 

c..a.r\q's credr-t- c:oJC .sfQ\-er<'e./1+- shoVJed ~ she OUJe.d .f) tCf. she 

e-~-ed $131 {lor 8aSQlme. wha+ rs · h:er f\eW · · 't:>aiG\dl-? 

... ~ 
~----------------------------~~--~ 

-150 -JCj c 

-1?0 

Problem 17. Find IOI , 125- 71 , and 17- 251. 

lo l.::.IO 

· {Q?-71= ltgl = 1<6' 

ll-1 c; l. :;: l-1 g I == ICO 

The. absolute vGt\ue OJ- q nucvlber r..s alw~..s 

JX>snf\fe· · vJflh -fhe. exc..epf10'\ qj._ -bhe q!?$olu-k 

v<1\u~ oJ- 0 be~ us e. l 0 \ =- 0 ond 0;::, Mr:tW" 

pos'lhV e f\:OI N28od-we . 

8 
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Problem 18. For which .numbers a is -a positive? For which is -lal positive? 

• \Q\';>0 lo\)0 
\ -\ q \ < 0 - ·\ ~ \ < 0 }-. -I'll ~cot- be: po!)ffive 
Problem 19. A student claims that Ia + bl ::; a+ b for all integers" a and b ~· · Explain why the 
student is wrong. 

Counter e)CO"(lp(e : 

l a-t b ' = 1-? + 21 = I -3 \ = 31· 
Q + b =- ( -S) t l 2 ) .:. (-3 ) 

- 3) -3 
l4tb \ ')Qtb 

C\-=. -11 b.:.:.2 ? 
I 

~ -- (' -----c-o 
'for o.-tb >o #!~ l~+b I ~a+b 
f(l. Q-rbZ o 

1 
~eJ\ ched: a>O, b<.01 b>Q k a<ol' b)O/ a)b 

Problem 20. Use the vector model to verify the following identities: (-a)+ a = 0 (draw 
one picture for a > 0, another for a < 0). What happens if a = 0 ? 

\ 
a<o 

/ . Q>O Dt=-0 
I \ -~20 \ -a<O -4 ::'0 

¢ Q ' .. q t 
' .. q 
I )> ~ -Q' 

... @ ' ;> 
' @ (: 

@) -q _q 

-(a- b)= b- a (draw one picture for a< b and another forb< a). 

~<b b<q 

q-b<O 

- (a-b) >o 
b-q >o 
~ , . 

0 (b-Q) 
) < 

9 

O(Q-b 

0 )_.(Q-b) 

0 > b-q 

P~l/ 
lb-Q) 0 (Q-b) 

I 
7' 
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Problem 21. Simplify the following expressions: 

1. (-46 + 34). 25-105 

= -12 .2'7-107 

- -300 -10'5"" 

= -'-107 
2. -7. (14- 4)-=- (17 + (-12)) -

,_ : - -7. . 0 ·..;. ') 
- 'V' 

= -10 -7 5 .=. - 14 
3. x2

- (2x2 + (-3x)) · x + 5x2 

= x':l.- 2>'~+3,c').. T-'J,c. 2 - - _,..._-
a !>.. :; 

:: -, y... - 2.X 

Problem 22. Suppose a is a positive number and b is a negative number (so neither is zero). 
State whether the following are positive or negative. 

Qb. Qb >0 
(qb.ab). __ .. (a.b.Db) ~ 
--.... -.......r .J . ' 

1\-t -Mrot.s =- e VV\ ·1-i'NI.e..s 

1. (ab)nifnisodd =t ~/'01. a.bl.O 
~ b~O { 
(\.e gQ+t'if 

~ , 
ab.ab _ __ . a.b.ab.:ob <.0 2. ( ab t if n is even 

-----~----- -=-

3. -ab2 
2 

_ _ _ 

b< Q - Q • b IS r'I~Qtilf't' )( po5fff!J'€ 1 $0 f+ 1.5 ~ 

b2. >O _ __). -.o Q>O +hM b-q = b-t-(-a) < 0 ~ (b-Q) 6 15 ne._9at-Ne -h~ 
4- (b-a) · b r~p ~ ~ (\eaa-Rve. 

b<_o so 1+- ,-s ~T-five.. 
Problem 23. Calculate 3~ -1 1

5
6 using mental mat strategies. Then use that to find 11

5
6 -3~. ~ 

0 
)' 

,.!.-3j_ 
/b <o 

- I~ - -t-
{b r 

10 I 
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Problem 24. If a and b .are integers such that a < b, then in what order do you think -a 
and -b would be ? (That is, is -a< -b or is -b < -a ?) What about the order of iai and 
lbl ? ' 

~ 

I~ : ~ ~ ~ -t-heA ~ t 1 I l 1 > - b < -q J( 
a b 0 -b -4 

q<b 

-Q)O 

-b/0 

... ~ a)O I -b~-q 1 [QI:q 1 r~\~ 'b\ 
I h +h eJ\ 4- ' I I I ~ V\ I b \ :::b )0 ;, - 4 0 a &::> 

a( b --------ltj,Q~\ _;_:;:q~s--:-....., lb\ 
-b4-q ~ -b b -b~-4 . - Q\(. 

~~ 0. < 0 I b) 0 4-he/'\ ( ... • t a b / of.. <; ci • J :.~ ..! I b \ =- b 'q ( > I b I 
Fact 1. If a, b, an~ c are mt~rs such that a< b and c > 0, then ac < be. · p 

Proof: Note that a < b {::} b - a > 0. Since c > 0, (b- a )c is in the form )positive x positive 
~ positive. By applying the distributive property, we see that ~ . 

l b- q) · c > 0 ~ \trpl-jt~ bath srclil.s 

.be- Q c > 0 (ciiskfbtt~ve ~f:!f) bj ~ posil'f~ 1\I.U'<\ber 

be.- ac + Qc >O +a c. . (addc~ ·bot-h srJe.s ~ ror~ -4Nl 

~ ~s~~e ~ oJ-+t-e. ~U41/~. 
'*'ed.He~ 

<f-N'4tf 041~) 
be. t-0 > OtQL ~ 

b c > Dt c. I La.~1i~ rJ.eAn~) 

11 



,-::J? mu l~1Jf~:t''(g b.9f+t sr-c[.(. :: · 
( b~ Q 1\~0, it-v-e.. f)Ul'{\~ ___ _...... __ -=--

r- ---. T-t-~s -the. 
Fact 2. If a, b, and c are. integers such that a< b and c < 0 then ac >be. ~c...A-e'l OJ- -tf.e._ 1~~ 

Proof: I f a ( b , +he/\ 

#eJ\ CA-b) 4 c. 

-= t;posil-1ve 

(Q.-b). c..) 0 

a-b <.o ~ c.<o 
IS, _i'f\ %e ~;n ~ 

q c. _ b c_ > a l:j drs-l<fbu+7ve ?"~pertj 

'' Qc>b"c.. ' . 
' 

. ·-·' 
~ - ., 

Example 1. Suppose we multiply the inequality -1 < 4 by 2? Do we reverse the direction 
of the inequality? What if we multiply -4 < -1 by -3 % 
'. . ' ·I ' ' 

. -' <-y· . 
(-{ ) , 2- < ~ , 2 ---t> no+ · · 

i i'• • • 

_ 
2 1 c. reverse 

· " 0 when · 
· m0~~ 
· hj qpo~mve 

~ 

12 

. -~4 < -1 

(-4),{-3) 
-

3 

r-eUeJSe 

the.. J,\f'ecJ·rCYJ 
~ rouH>p~ hj 

Q ~ve.- (\l)"(lher 




