Big-O Examples

Definition Let f and g be real-valued functions. We say that f(z) is O(g(z)) if there are constants
C and k such that
|f(z)| < Clg(x)] forall x > k.

Example 1 Show that f(z) =422 — 5z + 3 is O(2?).
|F(@)] = [42% — 52+ 3]
< [42?| +| — 5z| +|3]
§4x2—|—5x+3, forallz >0
< d4z? + 52 + 3x2, forall z > 1
< 125327 forall z > 1

We conclude that f(z) is O(2?). Observe that C'= 12 and k = 1 from the definition of big-O.

Example 2 Show that f(z) = (x + 5)logy(32% + 7) is O(zlog, x).

|[f(2)] = |(z + 5) logy(32° + 7)]
= (z+5)logy(322 +7), forallz> -5
< (z +52)logy (32 + 72?), forallz >1
< 62logy(102%), for all z > 1
< 6xlogy(z®), for all x > 10
< 18zlogyxz, for all z > 10

We conclude that f(z) is O(xlogy ). Observe that C' = 18 and k& = 10 from the definition of big-O.
Example 3 Show that f(z) = (z® + 5log, z)/(2z + 1) is O(x).

Since log, x < x for all x > 0, we conclude that
5log, * < 5x < 522, for all > 1.

Since 2z + 1 > 2z, we conclude that
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Therefore,

2?2 4+ 5logy =
20 +1
:W, forall x > 1
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<3z, forallz>1

[f(2)] =

forall z > 1

We conclude that f(z) is O(x). Observe that C'= 3 and k = 1 from the definition of big-O.
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