M451/551 Exam 2
April 16, 2015
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INSTRUCTIONS: Please make sure your exam has 7 pages, in addition to this
cover page. You must justify your solutions to receive credit. Please try to
fit your solutions into the space provided. If you do need extra space, please write
“continued on the back,” and continue on the back of the same sheet. Also, be sure
to indicate your final answer to each problem clearly.
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roblem 1. (10 PTS.) Itd’s Lemma states that if X, satisfies dX, = p(t)dt-+o(t)dW;

where W, 1s the Brownian Motion with drift 0 and volatility 1, then for any function
f(z,t) we have, ,
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Apply this to find df (X3, t) for the function f(z,t) = e** in terms of dt and dW;. (Le.
your answer needs to have the form df (X, t) = a(Xy, t)dt + b(Xe, t)dW; for explicit
functions a(z,t) and b(z,t) which can also involve p(t) and o(t).)
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Problem 2. (15 PTS.) Find the no-arbitrage cost of a European (K,T') call option
on a security that, at times t; (i = 1,2), pays [;S(t;) as dividends, where t; <ty <T
and 0 < f1 < foa < 1.
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Problem 3. (15 p1s.) The current price of a security is S(0). Consider an in-
vestment whose cost is ) and whose payoff at time T is, for a specified choice of R
satisfying 0 < R < e'™T — 1, given by

ot — | L HRISO) +a(S(T) ~ (1+R)S(0)) if S(T)
(1+ R)S(0) if S(T)

(14 R)S(0),

>
< (1+ R)S(0).

Determine the value of « if this investment (whose payoff is both uncapped and always
greater than the initial cost of the investment) is not to give rise to an arbitrage.
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Problem 4. (15 pts.) Consider a Furopean (K, T) put option whose return at
expiration time T is capped by the amount B. That is, the payoff at T is

min((K — S(T))*", B).
Ezplain how you can use the BlackScholes formula to find the no-arbitrage cost of this

option. Hint: Start by expressing the payoff in terms of the payoffs from two plain
(uncapped) put options.
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Problem 5. (15 pTs.) The ulility function of an investor is u(z) = 1 — 1/x. The
wnwvestor must choose one of two investments. If his fortune after investment 1 is a

random variable with density function fi(z) = ¢/4, 1 < z < 3, and his fortune after
investment 2 is a random variable with density function fo(z) = 1/2, 1 < z < 3,

whach investment should he choose? ;
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Problem 6. (15 p1s.) Suppose your utility function is u(z) = 2 — (z—1)?, and that
starting with initial wealth 1 < Wy < 2 your total wealth from all investments after

one period is W = aWo X + (1 — o)Wy where X is a random variable with uniform
density fx(z) =1 for 0 < z < 1. Find the « € [0,1] that mazimizes E[u(W)].
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Problem 7. (15 p1s.) We showed that for any random variable X, E[X] 2 X.
By contrast, find:

(a) An ezample of an X > 0 such that E[X] 2, X
(b) An ezample of an X > 0 such that E[X] #4 X

(Hint: E[X] is a constant with density a single Dirac distribution at FE[X] and now

use the definitions of the the dominance > and >4.) \ S
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