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(2.21) (i) False. Let n = 3. Then |S3| =3!=6 >3 =n.

)
(ii) True. We can write o as a product of cycles. Then n = lem of the lengths of all cycles.
i)
)

(iii) True. This is the standard notation of composition of permutations as product.

(iv False.Leta=(3 4)€S4and6:(4 2)654.Then

1 2 3 4 1 2 3 4 1 2 3 4
af=(3 4)(4 2)_<1 2 4 3)(1 4 3 2)‘(1 3 4 2)
Which is not the same as:
1 2 3 4 1 2 3 4 1 2 3 4
Pa=(4 2)(3 4)_<1 4 3 2)(1 2 4 3>_(1 4 2 3)

Which is a 3-cycle.
(vi) True. Consequence of proposition 2.33.

(x) False. Leta:( 1 2 ) € S4. Then, o7t = ( 2 1 )654.
Letw:(3 4)654.Then,w_1:(4 3)634.Leta:(3 4)654.Thena7éw,but

4 (1 2 3 4 1 2 3 4 1234\ (123 4\ _
ga0 =192 1 3 4 1 2 4 3 213 4)~ 124 3]~
4 (1 2 3 4 1 2 3 4 1 234\ (12 3 4
waw =11 2 4 3 1 2 4 3 1 2 43)°- 12 43
1 23456 789 . .
(2.22) Let (987654321) (1 9)(8 2)(3 7)(4 6)(5). The inverse is:
a_1:(5)(6 4)(73 (2 8)(19 We can verify this:
. (1234567289 123456789\ (1234567289
@@ =19 876 5 43 21 98765 432 1) 12345867809

(2.24) (i) Let 1 <7 < mn. An r-cycle is of the form (c(1) 0(2) --- o(r)). There are n choices for o(1), n-1 choices for
o(2),..., and finally n — r + 1 choices for o(r). By the rule of product, there are n(n —1)---(n — r + 1) total
choices. However, we regard circular orders as being the same so we must divide this expression by r, i.e.,
[n(n—1)---(n—r+1)]% is the total number of r-cycles in S,,.
(ii) The proof is by induction. Consider the following statement S(k) : the number of permutations o € S,,, where
o is a product of k disjoint r-cycles is ¢ [n(n— 1)+ (n —r+1)].

Base Case: S(1) is true since we proved it in (i).
Inductive Step: Assume S(k — 1) is true. We want to show that S(k) is true. Let a € S, be a product of
k disjoint r—cycles. Then, we can write alpha as o = o3, where ¢ is a product of k£ — 1 disjoint cycles and

B is an r—cycle. Then, we have n — r(k — 1) choices for 8, but we need to divide by k to account for linear
combinations. Hence, the total number of permutations of products of k disjoint r-cycles is:

11 ((n—rk—1)! 1 1 n! B
kr( (n — kr)! ) (k—1)!rk=1 (n — (k—1)r)! = S(k)




(2.25) (i) Let « be an r-cycle. Then:

o = ( i1 99 v 0y ) By definition
a” = [( i1 iy e i )}T Raising « to the r power.
= ( I S B ) .. ( R R ) ( R B ) By definition of exponentiation.
= ( i1ty e i ) ( i1 Ay e i ) [( Ip 41 e )] Operating the last two terms
= ( i1 Gy v+ iy ) ( bp  Gp_q1 1 ) Operating r — 1 terms
= (1) By definition of inverse

(ii) It follows from the previous proof that if a is an r-cycle, any positive integer k < r is such that o # (1) and
a” = (1). Hence, r is the least positive integer such that a” = (1)

(2.33) Let a = ( 1 2 ) , B = ( 3 4 ) Y = ( 3 5 ) € S5 none of which is the identity and, since o and 3, and « and ~y
are disjoints transpositions, we have that:

1 2 3 4 5 6 7 8 _
I)a:(5 23456 3):(1 52 6)(3 8)(4 7T)=al=(7 4)(8 3)(6 25 1),
In double-row notation: o~ = (é g 2 Z; i) g Z g)
1 2 3 4 5 6 7 8 _
H)a:(S 23S0 6):(1 3 2)(4 8 65 7)=al=(75684)(2 3 1)
In double-row notation: o~ ! = (; ; i1’> 4; 2 g g i)

—~
—_
w
[\
S
ot
(=}
-3
co

S—
Q\

—
|

—~
co
-3
(=)
(Sa
W
[\
w
=

S~—

1 23456 78
HI)O‘(34256781)

1 23 45 6 7 8
- i . -1
In double-row notation: « ( 8 31 2 45 6 7 )

IV)a=(1 2)(2 3)(3 4)(4 5)(5 6)=a'=(65)(5 4)(4 3)(3 2)(2 1)
(1234567809 10) (123456780910

“\2 34561789 10 612345789 10
Via=(12 3 4 5)(5 6 7 8)=a'=(876 5)(5 43 2 1)

W (123456789 10)_ 1 23456 789 10

“\2 34567819 10 8 1 23 45 6 7 9 10
VI)a=(15 9)(2 6 10)(4)=al=(4)(10 6 2)(9 5 1)

(12345 6 7809 10), ., (12345678910

“=\5 6 3 49 107 8 1 2 @ =\ 9103412785 6



