MATH 396. QUOTIENT SPACES

1. DEFINITION

Let F be a field, V a vector space over F and W C V a subspace of V. For vi,v0 € V,
we say that v; = vo mod W if and only if v; — vo € W. One can readily verify that with this
definition congruence modulo W is an equivalence relation on V. If v € V, then we denote by
T=v4+W ={v+w:w € W} the equivalence class of v. We define the quotient space of V
and W as V/W = {v : v € V}, and we make it into a vector space over F with the operations
U1 + T3 = v1 + v2 and A\ = Av, A € F. The proof that these operations are well-defined is similar
to what is needed in order to verify that addition and multiplication are well-posed operations on
Zy, the integers mod n, n € N. Lastly, define the projection 7: V- — V/W as v +— ©. Note that =
is both linear and surjective.

One can, but in general should not, try to visualize the quotient space V/W as a subspace of the
space V. With this in mind, in Figure 1 we have a diagram of how one might do this with V = R?
and W = {(x,y) € R? : y = 0} (the z-axis). Note that (z,3) = (Z,§) mod W if and only if y = .
Equivalence classes of vectors (x,y) are of the form (z,y) = (0,y)+W. A few of these are indicated
in Figure 1 by dotted lines. Hence one could linearly identify R?/W with the y-axis. Similarly, if
L is any line in R? distinct from W then L ® W = R? and so consequently every element in R? has
a unique representative from L modulo W, so the composite map L — R?/W is an isomorphism.
Of course, there are many choices of L and none is better than any other from an algebraic point
of view (though the y-axis may look like the nicest since it is the orthogonal complement to the
x-axis W, a viewpoint we will return to later).

FIGURE 1. The quotient R2/W

After looking at Figure 1, one should forget it as quickly as possible. The problems with this
sort of identification are discussed later on. Roughly speaking, there are many natural operations
associated with the quotient space that are not compatible with the above non-canonical view of
the quotient space as a subspace of the original vector space. The issues are similar to looking at
{0,...,9} C Z as representative of Zjg. For example, a map f: Z — Z, z — 2z cannot be thought
of in the same way as the map z — 2z because f({0,...,9}) € {0,...,9}. Although one should
not view {0,...,9} as a fixed set of elements lying in Z, just as one should not in general identify
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V/W with a fixed set of representatives in V, this view can be useful for various computations. We
will see this is akin to the course of action that we will take in the context of quotient spaces in a
later section.

2. UNIVERSAL PROPERTY OF THE QUOTIENT

Let F,V,W and 7 be as above. Then the quotient V/W has the following universal property:
Whenever W' is a vector space over F and +: V — W' is a linear map whose kernel contains W,
then there exists a unique linear map ¢: V/W — W' such that 1 = ¢ o w. The universal property
can be summarized by the following commutative diagram:

(1) 14

Proof. The proof of this fact is rather elementary, but is a useful exercise in developing a better
understanding of the quotient space. Let W’ be a vector space over F and 1: V — W' be a linear
map with W C ker(1)). Then define ¢: V/W — W' to be the map v +— 9 (v). Note that ¢ is well
defined because if 7 € V/W and vy,vy € V' are both representatives of 7, then there exists w € W
such that vy = v9 + w. Hence,

Y(v1) = P(ve +u) = P(ve) + P(w) = P (va).

The linearity of ¢ is an immediate consequence of the linearity of 1. Furthermore, it is clear from
the definition that 1) = ¢ o . It remains to show that ¢ is unique. Suppose that o: V/W — W' is
such that 0 om =9 = ¢ o . Then o(v) = ¢(v) for all v € V. Since 7 is surjective, o = ¢. O

As an example, let V' = C*°(R) be the vector space of infinitely differentiable functions over the
field R, W C V the space of constant functions and ¢: V — V the map f — f’, the differentiation
operator. Then clearly W C ker(¢) and so there exists a unique map ¢: V/W — V such that
o= ¢om, m: V — V/W the projection. Two functions f,g € V satisfy f = g if and only if f' = ¢'.
Note that the set of representatives for each f € V/W can be thought of as f + R. Concretely, the
content of this discussion is that the computation of the derivative of f depends only on f up to a
constant factor.

In a sense, all surjections “are” quotients. Let T: V — V'’ be a surjective map with kernel
W C V. Then there is an induced linear map T: V/W — V' that is surjective (because T is) and
injective (follows from def of W). Thus to factor a linear map ¥: V' — W' through a surjective
map 7T is the “same” as factoring v through the quotient V/W.

One can use the univeral property of the quotient to prove another useful factorization. Let V;
and V5 be vector spaces over F and W7 C Vi and Wy C V5 be subspaces. Denote by w1: Vp —
Vi/Wy and my: Vo — Vo /Wsy the projection maps. Suppose that T': Vi3 — Vs is a linear map with
T(W1) € Wy and let T: Vi — Vo /W, be the map x — m2(T'(z)). Note that W, C ker(T)). Hence by
the universal property of the quotient, there exists a unique linear map T: V4 /W; — Vo /Ws such
that T o, = T. The contents of this statement can be summarized by saying that if everything is
as above, then the following diagram commutes:



Vl/WI?VQ/W2

In such a situation, we will refer to T as the induced map. The purpose of this is that for v; € V;,
the class of T'(v1) modulo W5 depends only on the class of v; modulo W7, and that the resulting
association of congruence classes given by 7T is linear with respect to the linear structure on these
quotient spaces. The induced map comes to be rather useful as a tool for inductive proofs on the
dimension. We will see an example of this at the end of this handout.

3. A BASIS OF THE QUOTIENT

Let V be a finite-dimensional F-vector space (for a field ), W a subspace, and

{wi, ..., wn}, {wr, ..., wn,v1,...,0,}

ordered bases of W and V respectively. We claim that the image vectors {vy,...,7,} in V/W are
a basis of this quotient space. In particular, this shows dim(V/W) =dimV — dim W.

The first step is to check that all ¥;’s span V/W, and the second step is to verify their linear
independence. Choose an element = € V/W, and pick a representative v € V of = (i.e., V. — V/W
sends v € V onto our chosen element, or in other words z = ©). Since {w;,v;} spans V, we can

write
v = Zaiwi + ij’l)j.

Applying the linear projection V' — V/W to this, we get

rT=7= Zaiwi +ijfj = ij@j
since w; € V//W vanishes for all i. Thus, the v;’s span V/W.
Meanwhile, for linear independence, if ) b;T; € V//W vanishes for some b; € F then we want to
prove that all b; vanish. Well, consider the element ) bjv; € V. This projects to 0 in V/W, so we
conclude ) bjv; € W. But W is spanned by the w;’s, so we get

Z bj’Uj = Z a; Wy

for some a; € F. This can be rewritten as

Z bjUj + Z(—a,-)wi =0

in V. By the assumed linear independence of {wy, ..., wm,v1,...,v,} we conclude that all coeffi-
cients on the left side vanish in F. In particular, all b; vanish.
Note that there is a converse result as well: if v1,...,v, € V have the property that their images

v; € V/W form a basis (so n = dim V' —dim W), then for any basis {w;} of W the collection of v;’s
and w;’s is a basis of V. Indeed, since n = dim V' —dim W then the size of the collection of v;’s and
wj’s is dim V/, and hence it suffices to check that they span. For any v € V, its image v € V/W
is a linear combination » a;v;, so v — »_ a;v; € V has image 0 in V/W. That is, v — Y a;v; € W,
and so v — Y a;v; = bjw; for some b;’s. This shows that v is in the span of the v;’s and w;’s, as
desired.



4. SOME CALCULATIONS

We now apply the above principles to compute matrices for an induced map on quotients using
several different choice of bases. Let A : R* — R3 be the linear map described by the matrix

2 0 -3 4
1 1 0 -2
3 -5 7 6
Let L C R* and L' C R3 be the lines:
_11 —4
L = span , L' =span| 0
2
0 22

We wish to do two things: -
(4) In the specific setup at the start, check that A sends L into L'. Letting A : R*/L — R3/L’
denote the induced linear map, if {e;} and {€}} denote the respective standard bases of R* and R?

then we wish to compute the matrix of A with respect to the induced bases {2, €3,e4} of R*/L and
{e},e,} of R®/L’. The consideration given in the previous section ensures that the €’s form bases of
their respective quotient spaces. Indeed, the e’s along with the vector spanning their corresponding
lines do in fact form a bases of their respective ambient vector spaces.

(ii) We want to compute the matrix for A if we switch to the basis {€1, @, €4} of R*/L, and check
that this agrees with the result obtained from using our answer in (i) and a 3 by 3 change-of-basis
matrix to relate the ordered bases {@s, 3,24} and {&1,@s,e,} of R*/L. We also want to show that
{€1,@,e3} is not a basis of the 3-dimensional R*/L by explicitly exhibiting a vector z € R*/L
which is not in the span of this triple (and prove that this x really is not in the span).

Solution
(@) It is trivial to check that A sends the indicated spanning vector of L to exactly the indicated
spanning vector of L', so by linearity it sends the line L over into the line L’. Thus, we get a
well-defined linear map A : R*/L — R3/L’ characterized by

A(vmod L) = A(v) mod L.

Letting w denote the indicated spanning vector of L, the 4-tuple {es, 3, e4,w} is a basis of R*
is a linearly independent 4-tuple (since w has non-zero first coordinate!) in a 4-dimensional space,
and hence it is a basis. Thus, by the basis criterion for quotients, {€2,€3,€4} is a basis of R*/L.
By a similar argument, since the indicated spanning vector of L’ has non-zero third coordinate, it
follows that {€],e5} is a basis of R3/L’.

To compute the matrix (2,2, }[A] {e2,23,24)» We have to find the (necessarily unique) elements
a;; € R such that

A(e;) = a1;€) + as;¢
in R3/L’ (or equivalently, A(e;j) = ay;€} + azje, mod L') and then the sought-after matrix will be

a2 a3 a4

a2z Q23 Q24
Note that the labelling of the a;;’s here is chosen to match that of the €;’s and the €,’s, and of
course has nothing to do with labelling “positions” within a matrix. We won’t use such notation

when actually doing calculations with this matrix, for at such time we will have actual numbers in
the various slots and hence won’t have any need for generic matrix notation.
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Now for the calculation. We must express A(€;) as a linear combination of € and ,. Well, by
definition we are given A(e;) as a linear combination of €}, e}, e5. Working modulo L' we want to
express such things in terms of €] and €}, so the issue is to express e mod L’ as a linear combination
of €] mod L’ and €}, mod L’. That is, we seek a,b € R such that

e = ae) + behy mod L,

and then we’ll substitute this into our formulas for each A(e;).
To find a and b, we let
—4
w = | 0
22

be the indicated basis vector of L', and since {e, e, w'} is a basis of R? we know that there is a
unique expression
ey = ael + bey + cw’

and we merely have to make this explicit (for then e = ae + bel, mod L'). Writing out in terms
of elements of R3, this says

0 a—4c

ol=( » |,

1 22c
so we easily solve ¢ =1/22, b =0, a = 4c=4/22 = 2/11.

That is, e§ = (2/11)e} mod L', or in other words

2
e = ﬁéﬁ
in R3/L’. Thus, going back to the definition of A, we compute
_ 10
A(ey) =y — bey = —ﬁé’l + &,
_ 19
Aes) = —3¢| + Tey = —ﬁéll,
A —/ —/ —/ 567/ —/
A(ey) = 4e] — 2e5 + be; = 1761~ 2€5,

SO
_ 10 _ 19 56
e Amac = (11 g1 1)
(i1) Since the third coordinate of the indicated spanning vector w of L is non-zero, we see that
{e1,e2,e4,w} is a basis of R*, so {€1,&2,e4} is a basis of R*/L. The “hard part” of the calculation
was already done in (i) where we computed €4 as a linear combination of €] and €,:
2

T ¢} mod L'

e =
Using this, we compute
28
Aler) = 2€} + €5 + 3es = ﬁell + e, mod L,
so0 in conjunction with the computations of A(ez) and A(es) modulo L' which we did in (i), we get

_ 28 _ 10 356
{5’1,5’2}[14]{@1,52,@4} = (111 111 112>
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The relevant change of basis matrices for passing between our two coordinate systems are

M: = {52,53754}[idV]{E1,€2,E4}7 N: = {51,52754}[idV]{€2,€3,€4}
which are inverse to each other.

The choice of which matrix to use depends on which way you wish to change coordinates: we
have

{e} ,Eg}[A] {e1,82,e4} — {€} ,EQ}[A] {e2.€3,84} M, {E’I,E’Q}[A} {e2,e3,84} — {€] ,6’2}[14] {e1,€2,e4} " N.

We’ll compute M, and then we’ll invert it to find N (or could just as well directly compute N by
the same method, and check our results are inverse to each other as a safety check). Then we’ll see
that our computed matrices do work as the theory ensures they must, relative to our calculations
of matrices for A relative to two different choices of basis in R*/L. By starting at the two bases of
R*/L which are involved, it is clear that

M =

o
OO =
—= o O

where
€1 = aey + bes + cey
in R*/L, or equivalently
e1 = aeq + beg + ceq + dw

with w the indicated basis vector of L and d € F.
We need to explicate the fact that {es, e3, e4, w} is a basis of R* by solving the system of equations

1 d
0l [a—d
O |b+2d|’
0 c
sod=1,a=d=1,b=—-2d = -2, c = 0. Thus,
1 1 0
M=|-2 0 0],
0 0 1

and likewise (either by inverting or doing a similar direct calculation, or perhaps even both!) we
find

Now the calculation comes down to checking one of the following identities:

28 10 56\ , /10 _10 s6\ (1 10
<11 11 11>i( 11 011 11) -2 0 0],

11 =2 1 2\ ¢ o 1

10 19 6\ , s28 10 6y (0 —3 0

( 111 011 112>;<111 111 112> 1 % 0],
B B 0 0 1

both of which are straightfoward to verify.
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Finally, to show explicitly that &, €, €3 are not a basis of R*/L, we consider the congruence class
x = 4. This vector cannot lie in the R-span of €1, €3, €3 for otherwise there would exist a,b,c € R
with
1
2 )
0
but this would express e4 in the span of four vectors which all have last coordinate zero. This is
impossible.

eq4 — ae; — beg — ceg € span

5. THE INTERACTION OF THE QUOTIENT AND AN INNER PRODUCT

Let V a vector space over R, dimV < oo, and W C V a subspace. Further suppose that V is
equipped with an inner product (-,-). Then we could identify V/W with W+ since W @ W+ = V.
In this case, the isomorphism is particularly easy to construct. Indeed, every element v € V can be
uniquely written as u + w, where u € W+ and w € W and we identify v with u. In other words,
the direct sum decomposition implies that restricting the projection 7: V — V/W to W induces
an isomorphism of W+ onto V/W, and by composing with the inverse of this isomorphism we get
a composite map V — V/W ~ W+ that is exactly the orthogonal projection onto W+ (in view of
how the decomposition of V into a direct sum of W and W+ is made). In this sense, when given
an inner product on our finite-dimensional V' over R we may use the inner product structure to
set up a natural identification of quotient spaces V/W with subspaces of the given vector space V,
and we see that this orthogonal picture is exactly what was suggested in the example in Section 1
(see Figure 1). However, since this mechanism depends crucially on the inner product structure,
we stress a key point: if we change the inner product then the notion of orthogonal projection
(and hence the physical subspace W+ in general) will change, so this method of linearly putting
V/W back into V' depends on more than just the linear structure. Consequently, if we work with
auxiliary structures that do not respect the inner product (such as non-orthogonal self maps of V),
then we cannot expect such data to interact well with this construction even when such data may
given something well-posed on the level of abstract vector spaces.

Let us consider an eample to illustrate what can go wrong if we are too sloppy in this orthgonal
projection method of putting V/W back into V. Suppose that V' is another finite-dimensional
vector space over R with inner product (-,-)’; W/ C V' a subspace of V and T: V — V' a linear
map with T(W) C W’. Then it is not true, in general, that T(W=) C (W')*. As an example,
consider V = R2 W = {(z,y) € R? : y = 0}, V' = R® and W' = {(z,9,2) € R® : 2 = 0} and
let T: R? — R3 be the map (z,y) — (z,y,y). Assume that V and V' are both equipped with
the standard Euclidean inner product. Clearly, T(W) C W’. On the other hand, (0,1) € W+
but 7((0,1)) = (0,1,1) ¢ (W')* and hence (W) ¢ (W’)*. So the restriction of 7' to W+
does not land in W’ and hence there is no “orthogonal projection” model inside of V and V' for
the induced map T betwen the quotients V/W and V'/W’. (Note that T' does not preserve the
inner products in this example.) Hence, although the induced quotient map 7' makes sense here,
as T carries W into W, if we try to visualize the quotients back inside of the original space via
orthogonal projection then we have a hard time seeing T

6. THE QUOTIENT AND THE DUAL

Let V be a vector space over F, dimV < oo and W C V a subspace. Then (V/W)*, the dual
space of V/W can naturally be thought of as a linear subspace of V*. More precisely, there exists
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a natural isomorphism ¢: U — (V/W)*, where U = {f € V*: f(W) = 0}. The isomorphism can
be easily constructed by appealing to the universal property of the quotient. Indeed, let f € U.
Then f: V — T is linear with W C ker(f) and so there exists a unique map g: V/W — F, in other
words g € (V/W)*, such that f = g o m. Define ¢(f) = g, where f and g as before. The linearity
of ¢ is clear from the construction and the injectivity is also clear since if ¢(f1) = g = ¢(f2), then
fi =gom = fa. To see that ¢ is surjective, pick g € (V/W)* arbitrary and let f = gomw € U. By
uniqueness, ¢(f) = g follows from the definition of .

Conversely, we can show that every subspace W' of V* has the form (V/W)* for a unique quotient
V/W of V. In other words, the subspaces of V* are in bijective correspondence with the quotients
of V via duality. Indeed, to give a quotient that is the “same” as to give a surjective linear map
V — V', and to give a subspace of V* is the “same” as to give an injective linear map U* — V*,
and we know that a linear map between finite-dimensional vector spaces is surjective if and only
if its dual injective (and vice versa). By means of double-duality, these two procedures are the
reverse of each other: if V — V' is a quotient and we form the subspace V'* — V*, then upon
dualizing again we recover (by double duality) the original surjection, which is to say that V"’ is the
quotient by exactly the subspace of vectors in V killed by the functionals coming from V’*. That
is, the concrete converse procedure to go from subspaces of V* to quotients of V' is the following:
given a subspace of V*, we form the quotient of V modulo the subspace of vectors killed by all
functionals in the given subspace of V*. In the context of inner product spaces, where we use the
inner product to indentify quotients with subspaces of the original space, this procedure translates
into the passage between subspaces of V and their orthogonal complements (and the fact that
the above two procedures are reverse to each other corresponds to the fact that the orthogonal
complement of the orthogonal complements is the initial subspace).

7. MORE ON THE QUOTIENT AND MATRICES

Let V1 and Vo be vector spaces over F of dimension ny and ng, respectively, Wi C Vi and
Wy C Vo subspaces of dimension m; and mes, respectively, and T': V; — V5 a linear map such that
T(W1) C Wy. Let By and By be bases of V) and Vb, respectively, that are extensions of bases of
Wy and Wa, resectively. Let A be the matrix representation of T" with respect to By and By. Then,
the lower right (n; —m1) X (na — ma) block of A exactly corresponds to the matrix representation
of the induced map T: Vi /W7 — Vo /W with respect to the bases of V4 /W; and Va/Ws coming
from the non-zero vectors in the sets m(B1) and mo(Bs2), m and 7o the usual projection maps.

Proof. Let m = ngo — mgy and vy, ...,7, € Vo/Ws be the non-zero vectors in mo(Bz). Note that
these vectors form a basis of Vo/Ws. Further, let v € By with v ¢ W;. Then

=TT+ + T,

Hence there exists w € Wy such that T'(v) = aqvy + - - + @y, + w. The claim follows since the
matrix representation of a linear map with respect to choices of ordered bases arises exactly as the
coefficients of the images of vectors making up the ordered basis of the source vector space written
with respect ordered basis of the target vector space basis. [l

Now, let Vi = Vo=V and Wy = Wy =W and T: V — V a linear map with T (W) C W. Let
T|W: W — W be the self map induced by T, and let T: V/W — V/W be the map induced by
V/W. We shall now apply the above result to show that det(7T") = det(T'|W)det(T). To this end,



one only needs to note that the upper left block Mi; of the matrix representation

A My Myo
Moy Moo

of T with respect to a basis B of V extended from a basis B’ of W will correspond to the matrix
representation of T'|W with respect to the basis B’ and also that the entries of the lower left block
My of A will be 0. Both of these facts are immediate since the restriction T|W maps into W.
Furthermore, the previous result implies that Mg exactly corresponds to the matrix representation
of T with respect to the basis B’.

As another application, consider the following. Let V' be a vector space of finite dimension over
Cand T: V — V a linear map. We will use the idea of the quotient space to show that there
exists a basis B of V such that the map T written as a matrix with respect to the basis B is upper
triangular.

Proof. The proof is by induction on the dimension n € Ny. The case where n = 0, i.e. V =0, is
somewhat meaningless and so we ignore it. The case where n = 1 is also trivial. Now suppose that
for some fixed n € N that for every vector space V over C of dimension n that every linear map
T:V — V can be expressed as an upper triangular matrix with respect to some ordered basis B
of V. Let W be an (n + 1)-dimensional vector space over C and S: W — W a linear map. Recall
that by the fundemental theorem of algebra C is algebraically closed, i.e. every polynomial has a
root. In particular, it is immediate from this fact that there exists an eigenvector w € W of S. Let
L = span{w}. Note that S(L) C L since w is an eigenvector of S and further that dim W/L = n.
By the induction hypothesis, there exists an ordered basis B = {wy,...,w,} of W/L such that
induced map S: W/L — W/L expressed as a matrix with respect to B is upper triangular. Let
B’ = {w,w,...,wy}. Then B’ is an ordered basis of W (recall Section 2). Furthermore, S written
as a matrix A with respect to B’ is upper triangular.

A - My Mo
Moy Moo

Above we express A in block form. My is a 1 x 1 matrix, Mis a 1 X n matrix, Moy an n x 1 matrix
and Mg is an n X m matrix. Since w is an eigenvector, it is clear that Mj; corresponds to the
eigenvalue associated with w and that Ms; consists only of zeroes. Moy exactly agrees with the
matrix expression of S with respect to B (recall the construction of the induced map) and so is
upper triangular. For our purposes, the form of M5 is irrelevant and thus A is upper triangular. [



