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Section 3.5
2. y" + 2y + 5y = 3sin(2t). The general solution is given by:
Yg = Yn + Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

yn : Characteristic equation: r24+2r+5=0 <= r = —122i. The solution in this case is:

’ yn = Cre " 'cos(2t) + Coe 'sin(2t) ‘

Yp : Guess y, = Acos(2t) + Bsin(2t). Then, y,, = —2Asin(2t) +2Bcos(2t) and y, = —4Acos(2t) —4Bsin(2t).
yp must satisfy the differential equation:

3sin(2t) =y, + 2y, + 5y,
= —4Acos(2t) — 4Bsin(2t) + 2(—2Asin(2t) + 2Bcos(2t)) + 5(Acos(2t) + Bsin(2t))
= (A+4B)cos(2t) + (—4A + B)sin(2t)

From which we can setup the following system of linear equations:

A+4B=0=> A= —AB — A:_%
3
B+ B=3=1TB=3=|B=_

The general solution is:

12 3
y = Cre fcos(2t) + Cye™ 'sin(2t) — ﬁcos(Qt) + ﬁsin(Qt)

3.  y'—2y —3y=—3te”t. The general solution is given by:
Yg = Yn + Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

Yn : Characteristic equation: 72 —2r —3=0=0 <= 7r; = 3; 79 = —1. The solution in this case is:

’yh = (0ye3 + Cohe? ‘

Yp : Guess y, = t(At + B)e™" <= y, = ¢~ "(At* + Bt). Then:
y, = e '[—At’> + (2A — B)t + B]
yy = e '[At? + (—4A + B)t + 2A — 2B]
yp must satisfy the differential equation:

=3te™" =y -2y, -3y,

e A2 + (—4A + B)t + 2A — 2B] — 2(e " '[-At? + (2A — B)t + B]) — 3(e"*(At? + Bt))

e t?(A+2A —3A) + t(—4A+ B—4A+ 2B — 3B) + (2A — 2B — 2B)]

e~t[t(—8A) + 24 — 4B]



From which we can setup the following system of linear equations:

—84=-3= Azg

2A—4B=0=— A=2B — le%

The general solution is:

3 3
Yy = Cle3t + Cge_t + (8t2 + ]ﬁt) €_t

11.  y”" +y' +4y=et —e~t. The general solution is given by:
Yg = Yn +Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

—1+£+/15¢
2

yn = Cre~"/*cos <\/2175t> + Coe™?sin <\/2175t>

Yp - Guess y, = Ae' + Be™". Then, y, = Ae’ — Be™" and y,] = Ae' + Be™".
yp, must satisfy the differential equation:

yn : Characteristic equation: r4r+4=0 <+ r= . The solution in this case is:

e —e =y, +y,+4y,

= Aet + Be7t+ Aet — Be t 4+ 4Aet + 4Be~t

= 6Aet +4Be™?
From which we can setup the following system of linear equations:
1
6A=1=—= A= 6

4B=-1—|B=—

The general solution is:

15 15 ¢ —t
Y= Cre~t%cos <\/2>t> + Coe M ?sin <€t> + % - eT

13. y' +y —2y=2t, y(0)=0; y'(0)=1. The general solution is given by:
Yg = Yn + Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

yn : Characteristic equation: r24r—-2=0=0 <= r, = —2; 7o = 1. The solution in this case is:

’yh = Cre”? + Cye!

Yp : Guess y, = At + B. Then, y, = A and y,, = 0.

yp must satisfy the differential equation:

2t = y'+vy —2y

0+ A—2(At + B)

= —2At+A-2B



15.

From which we can setup the following system of linear equations:

a2 [A=1

A-2B=0=— -1-2B=0— B:—%
The general solution is:
Y= Cre 2t + Chet — t — %
Now, solve for C1, Cs:
1/(0):0:01+sz%:>01+02:%:» 01:7%

Y(0)=1=-201+Cy— 1= 201 +Cy =2=|Cy =1]
The solution to the I.V.P is:

1 1
y:—ée_%—l—et—t—i

y' =2y +y=tet +4, y(0)=1; y(0) =1.  The general solution is given by:
Yg = Yn +¥Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

yn : Characteristic equation: r2—2r+1=0=0 <= (r —1)2 = 0. The solution in this case is:

’yh = et + Cyte! ‘

Yp : Guess y, = t*(At + B)e' + C <= y, = (At® + Bt*)e’ + C. Then:
y, = €e'[At® + (3A + B)t* + 2Bt
yy = €'[At® + (6A + B)t*> + (6A + 4B)t + 2B]

yp must satisfy the differential equation:

te' +4 =y -2y, +yp
= e![At? + (6A+ B)t? + (6A + 4B)t + 2B] — 2(e![At? + (3A + B)t? + 2Bt]) + (At + Bt?)e! + C

= ¢'[6At+2B]+C

From which we can setup the following system of linear equations:

6A=1= A:é

2B=0=—=|B=0]

The general solution is:

1
y= Ciet + Cotel + 6t36t +4

W0 =1=Cy+4=[G=79
V0)=1= 540, = [G=7

1
y = —3e' + 4te’ + gtset +4

Now, solve for Cy,Cs:

The solution to the I.V.P is:




17.  y" +4y = 3sin(2t), y(0) =2; y'(0) = —1.  The general solution is given by:
Yg = Yn +Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

yn : Characteristic equation: r24+4=0=0 <= r = +2i. The solution in this case is:

’yh = Cicos(2t) + Casin(2t) ‘

Yp : Guess y, = t[Asin(2t) + Beos(2t)]. Then:
y, = [Asin(2t) + Bcos(2t)] + t[2Acos(2t) — 2Bsin(2t)]

y, = 4Acos(2t) — 4Bsin(2t) — 4t Asin(2t) — 4Btcos(2t)

yp must satisfy the differential equation:
3sin(2t) =y, +4y,
= 4Acos(2t) — 4Bsin(2t) — 4t Asin(2t) — 4Btcos(2t) + 4t[Asin(2t) + Beos(2t)]
= 4Acos(2t) — 4Bsin(2t) — 4t Asin(2t) — 4Btcos(2t) + 4 Atsin(2t) + 4Btcos(2t)
= 4Acos(2t) — 4Bsin(2t)

From which we can setup the following system of linear equations:

4A=0=[A=0]

—4B =3 = B:—Z

The general solution is:

y = Cicos(2t) + Caysin(2t) — %tcos(Qt)

Now, solve for C, Cs:

y0)=2=0, = [Gr=7]

3
y/(0)2—1:—3+02:>202=1—1:> ng—g

The solution to the I.V.P is:

1 3
y = 2cos(2t) — gsin(%) - itcos(Zt)

18.  y" 42y + 5y =4e tcos(2t), y(0)=1; y/(0) =0. The general solution is given by:
Yg = Yn +Yp, Yp is the solution to the associated homogeneous equation and y, is the particular solution

yn : Characteristic equation: 1242 +5=0=0 <= r = —142i. The solution in this case is:

’yh = Cre "cos(2t) + Coe™ 'sin(2t) ‘

Yp : Guess y,, = t[Asin(2t) + Bcos(2t)]e™". Then:
Yy, = (e7t —te ") [Asin(2t) + Bcos(2t)] + te '[2Acos(2t) — 2Bsin(2t)]

yy = (=2~ +te ") [Asin(2t)+ Beos(2t)]+2(e~ —te ") [2Acos(2t) —2Bsin(2t)|+te” [~4Asin(2t) —4Bcos(2t)]



yp must satisfy the differential equation:

de”Teos(2t) =y, + 2y, + 5yp
From which we can setup the following system of linear equations:
—2Bt—4B=0=|B=0|
2At +4A = 4 =

The general solution is:

’y = Cre tcos(2t) + Cye 'sin(2t) + te sin(2t) ‘

)0)=1=0, =[G =1]
1

y/(0)202—1+202 0225

Now, solve for C7, Cs:

The solution to the I.V.P is:

1
y = e ‘cos(2t) + §e_tsin(2t) + te tsin(2t)

Section 3.6
1
44y —dy' +y =167 =y —y' + Jy = 4et/2.

1 1
The solution to the homogeneous equation is: r% — r + 1= 0 = (r— 5)2 =0

Yyp = C’let/2 + C'Qtet/2

Let y; = €'/2? and y» = te'/2. On the one hand, using the method of variation of parameters:
et/? tet/Q
_ _ ot
Wy1,y2) = |e!/? o2 4 tet/2| =e
2
,_ y2eg _ (—tef?)(e?) o
Uy = W o = A4t = u =-2°+C4
p_yieg _ () ?) _
Uy = = o =4 = uy =4t +Cy

So the solution is given by:
Y = urys + ugys = (=262 4+ C1)et/? + (4t 4 Co)e/?t

General solution:

Yy = Clet/2 + C’gtet/2 + 2t2et/2

The particular solution, using the method of variation of parameters is |y, = 2%t/ |.

On the other hand, using the method of undetermined coefficients: guess the solution y, :

A A
y, = At%e!/?; — yp = 2Ate!/? + itzet/z; =y, = 24et/? + 2Ate!? + Ztht/2



The particular solution y, must satisfy the equation:

1
et =y g+

= 24et/? 4 2Atet/? + %tzet/2 — 2Atet/? — ?tht/Q + %tzet/2

e'?[2A + 2At + %tz — 2At — gtz + %ﬁ]

— et/Z[tQ( +

)+ t(2A — 2A4) + 24]

IS
NS
v

From which we can conclude that 24 =4 <= . So the particular solution is |y, = 2t2et/?

The two methods agree.

Yty =tan(t), 0<t<m/2.

The solution to the homogeneous equation is: 72 +1=0 <= r = +i
yn = Cicos(t) + Casin(t)
Let y1 = cos(t) and yo = sin(t). Using the method of variation of parameters:

cos(t)  sin(t)
—sin(t) cos(t)

o = Y279 _ —sin(t)tan(t) _ —sin?(t) y :/_8“12(15)
1 w 1 cos(t) ! cos(t)
_y1-g _ cos(t)tan(t)

W — T = szn(t) — Uy = —COS(t) + C2

W(Z/hyQ) =

-

dt = /cos(t)—sec(t)dt = sin(t)—In(sec(t)+tan(t))+C

up
So the solution is given by:
Yy = ury1 + uaya = (sin(t) — In(sec(t) + tan(t)) + C1)cos(t) + (—cos(t) + Caz)sin(t)

General solution:

’y = Chcos(t) + Casin(t) — In(sec(t) + tan(t))cos(t) ‘

-y + 4y = 3esc(2t), 0<t<m/2.

The solution to the homogeneous equation is: 2 +4 =0 <= r = £2i
yn = Crcos(2t) + Casin(2t)
Let y1 = cos(t) and yo = sin(t). Using the method of variation of parameters:

| cos(2t) sin(2t) |
Wiy ) = —2sin(2t) 2cos(2t)| 2
, —Y2-g  —sin(2t)3csc(2t) 3 3
u; = W = 9 = 5 —— U1 = 2t =+ Cl
. 2t 2t
wy= U9~ cos( )gc‘”( ) _ gcotcm(Zt) — oy = %ln(sin(%)) Oy

So the solution is given by:

3 3
Y =uU1y1 + usy2 = (_§t + Cy)cos(2t) + (Zln(sin(Qt)) + Cy)sin(2t)

General solution:

y = Cicos(2t) + Casin(2t) — gtcos(%) + Zln(sin(%))sin(%)




et

10. 9" =2y +y =15

The solution to the homogeneous equation is: 7> —2r +1=0 < (r—1)2=0
yp = Cre’ + Cate

Let y1 = €' and yo = te!. Using the method of variation of parameters:

W) =% 0 = tatet — et = e
Y1,92) = et et 4 tet =e€ € € =e€
t e’
, —yerg  C 1 t L) 4o
= = = — :> e
T N T =g+ )+G
¢ e!
R R 1 1
Uy = W = pon = 112 = ug = tan (t) + Cs

So the solution is given by:

1
Y = Uiy + UlYe = (—iln(l + %) + Cy)e’ + (tan™ ' (t) + Co)te’

General solution:

elin(1 + t2)

y = Cre! + Cote! — 5

+ te'tan™1(t)

13. t2y" —2y =312 -1, t>0; yi1(t) =t% yot) =t1.

Before proceeding to solve this by variation of parameters, we need to write this equation in standard form:

2 1
1
Y opy=3-4

y1 and yo are solutions of the corresponding homogeneous equation since:

2
yi—ppn=2-2=0

so2 2 2
Yo — tjiUQ =53 - B
2 ¢!
W(ylayQ) = 2 _t72 =-1-2=-3
1
713~ )
1 "Y°9 12 1 1 1
=Ty 3 P TaE s gE TG
1
t2(3 - = 3
;Y19 2 2 13 i
= = 7t — = —— — C’
2= Ty —3 + v =g gt

So the solution is given by:

1 Bt
y = uryr + ugyz = (In(t) + o2 + Ot + (—§ + 3 + Cy)t~!

Incorporating the quadratic term into the solution of the homogeneous equation:
1
y = C1t? + Cot ™ + t2In(t) + 5

So the particular solution is

1
yp = t2In(t) + 3




17. 2%y" = 3zy’ + 4y = 2%In(x), = >0; y1(x) =22 yo(x) = 22in(z).
Before proceeding to solve this by variation of parameters, we need to write this equation in standard form:

1

3, 4
- Y +ﬁy:ln(aﬁ)

y1 and yo are solutions of the corresponding homogeneous equation since:

3, 4 3 4,
ilfgy/1+?y1:2752$+ﬁl‘ =6—-6=0
4 4
Yy — gyé + a2 = 2In(z) +3 — ;(QIZTL(I) +z)+ PxQIn(I) =0
Wy, y2) = v 2*ln(z = 22%In(x) + 2® — 223In(z) = 23
1oz 2x 2zin(z) +=x
27,2 2 3
—yo-g —x?ln*(z) —In*(x) In’(x)
wo s D) ), ) g,
2 2
, _yi-g _ xin(x)  In(x) _In*(x)
Y2 = w23 oz U= 2 +C;
So the solution is given by:
In? In? 1
y=myn +uwp = D 0@+ (P 4 otinge) = 010 + CoaPin(a) + La?nd(@)
So the particular solution is
1
o = 2a?ln’(x)

Section 4.1

4. Consider the equation: y"” + ty” + 2y + t3y = In(t). Since the functions: t,t2,¢3,In(t) are continuous
everywhere when ¢ > 0, the interval in which the solution is certain to exists is ¢ > 0.

7. Let  fit(t) =2t —3, fo(t) =t>+1, f3(t) = 2t> —t. These functions are linearly dependent since:

kifi(t) + kafa(t) + kaf3(t) =0

Hold for every t, in particular ¢ = —1,0, 1

—5ky + 2ko + 3]€3 =0= —14k1 =0
—3k1 + ko =0= ky = 3k,
—k1 + 2ko + k3 =0= k3 = -5k

12. Consider the fourth O.D.E y*) + ¢ = 0 and the functions 1,t, cos(t), sin(t). These are solutions since:
1M 41"=04+0=0
tW 4" =0+0=0
cos(t)® 4 cos(t)" = cos(t) — cos(t) =0
sin(t)® + sin(t)” = sin(t) — sin(t) = 0

The Wronskian is:

Lot CO‘.S(t) sin(t) 1 —sin(t) cos(t)
W (1,t,cos(t), sin(t)) = 8 (1) :zgg; _02;9752) =10 —c.os(t) —sin(t)| = sin?(t) + cos*(t) = 1
0 0 sin(t) —cos(t) 0 sint) —cos(t)



15. Consider the third O.D.E zy" — 4" = 0 and the functions 1, z, 2. These are solutions since:
2(1)" — (1) =0-0=0

z(x)" —(2)"=0-0=0

z(2%)" — (23) =6 — 62 =0

The Wronskian is: 5
1 =z =z 9
W(lz,z%) =0 1 32 :‘(1) 362 — 6z
0 0 6x




