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Section 2.6

3. Consider the equation: (322 — 2xy + 2)dz + (6y? — 22 + 3)dy = 0. Let M(x,y) = 32% — 22y + 2 and
N(z,y) = 6y? — 2 + 3. Since:

oM ON
- = 2r=——
Oy or
We can conclude that this is an exact equation. The solution is given by:
0 0
Y(z,y) = C, where C is a constant and 8—w = M and a—¢ =N
Z Y

To solve it we proceed as follow:

w(w,y) = /%896 = /(31‘2 —2xy +2)0x = - ny + 2z + h(y)

Where h(y) is a pure function of y. To find h we differentiate ¥ (x,y) w.r.t. y

W _ —22 + 1 (y) = 6y* — 2% +3 = h/(y) = 6y° + 3 = (integrating both sides) h(y) = 2y> + 3y

The general solution is given by:
Y(a,y) = C =2 — 2y + 22+ 2y° + 3y

d —b d by —
6. Consider the equation: &__w-w W _Woar
dz bxr — cy dr  br —cy

— (by — ax)dz + (—bx + cy)dy = 0.

oM ON
Let M(z,y) = by — ax and N(z,y) = —bx + cy. Then, B b#—b= - Not exact equation.
Y

13. Consider the equation: (2x — y)dz + (2y — x)dy = 0. Let M (z,y) = 2z —y and N(z,y) = 2y — z. Since:
oM |- ON

By T or
We can conclude that this is an exact equation. The solution is given by:
0 0
Y(z,y) = C, where C is a constant and 8—1/) = M and a—w =N
x Y

To solve it we proceed as follow:

13}
vle) = [ SLor= [@r—y)or = s~y +1iy)
Where h(y) is a pure function of y. To find h we differentiate ¥ (x,y) w.r.t. y

% =—x+h'(y) =2y — x = h/(y) = 2y = (integrating both sides) h(y) =y

2

The general solution is given by:
d(,y) = C =a* —xy+ +y?

Solving for the initial condition y(z = 1) = 3, we get that C = 12 — 3+ 9 = 7. So, the particular solution is:
2 —xy oyt =7

We can check that this solution works by differentiation implicitly:

y —2x

D($2—$y+y2)ZD(7)22x—y+xy’+2yy':O:>g/:2
y—x



Replacing for ¢’in our original equation:

y —2x
2y —x

Rr—y)+Ry—a)y =2x—y)+ 2y — ) =2x—y+y—2x=0 |, so this is the solution

Finally, we can write the solution explicitly as a function y(z) by solving for the quadratic equation:

()~ @)y + (@7~ 1) =0 = yla) = L _2%?)(%2 "D s ) = @

However, our final equation is that which contains the initial condition (zo,y0) = (1, 3), i.e.:

T+ /28 — 322
o) = VB IT

28 28
This solution is valid only if 28 — 322 > 0 <= 2% < 3 = |z| < 3

. Consider the equation: (922 +y — 1)dz — (4y — x)dy =0 <= (922 +y — 1)dz + (z — 4y)dy = 0.
Let M(z,y) = (92°> +y — 1) and N(z,y) = (x — 4y). Since:

oM _ | _oN
oy Ox

We can conclude that this is an exact equation. The solution is given by:

o

Y(z,y) = C, where C is a constant and — = M and — = N
ox ay
To solve it we proceed as follow:
oY 5 5
U(w,y) = [ 5 0w = [(92% +y— 1)z = 32" + 2y — 2 + h(y)

Where h(y) is a pure function of y. To find h we differentiate ¢ (x,y) w.r.t. y

0
6—1/) =z +h'(y) =z — 4y = N (y) = —4y = (integrating both sides) h(y) = —2y
Y

2

The general solution is given by:
Y(z,y) = C = 32% + 2y — v — 2¢°

Solving for the initial condition y(x = 1) = 0, we get that C =34+ 0—1— 0 = 2. So, the particular solution
is:
32 fay —x — 2% =2
We can check that this solution works by differentiation implicitly:
3 2 2 / / ,_ 1—y—92?
DBz +axy—z—2y°)=D2) = 92 +y+ay —1—4dyy =0=y = Ev
Tr—4ay

Replacing for y'in our original equation:

1—y — 922

1 =922 +y—1+1—y—922 =0 , so this is the solution
T — 2y

(92%4y—1)+(x—4y)y’ = (92 +y—1)+(z—4y)

Finally, we can write the solution explicitly as a function y(x) by solving for the quadratic equation:

(2P )y (B ——2) = 0 = y(z) = = + /22 —24.((—2;)(3;53 —e-2) o) =~ + /2423 +4x2 — 8z — 16

However, our final equation is that which contains the initial condition (zo,y0) = (1,0), i.e.:

x— V2423 + 22 — 8z — 16

y(x) = 1

This solution is valid only if 2423 + 22 — 8x — 16 > 0.




16. Consider the equation: (ye**¥ + z)dz + (bxe**¥)dy = 0. Let M(z,y) = ye**¥ + z and N(z,y) = bre®Y.

This equation is exact only if:

ou
dy

ON
= o 2oy = = b o Zhayety
xr

We can conclude that this is an exact equation when b = 1. So, let us solve the exact equation:
(ye®™¥ + x)dx + (ve®™)dy = 0. Let M(x,y) = ye®**¥ + x and N(x,y) = ve?*V.
The solution is given by:

oY oY

Y(z,y) = C, where C is a constant and — =M and — =N
ox oy

To solve it we proceed as follow:

2x
Y(z,y) = / %3@/ = /(xe%y)@y = ezy + h(zx)

Where h(z) is a pure function of z. To find h we differentiate ¢ (z,y) w.r.t. =

2
g—w = ye*™ 4 1 = ye®™ + h/(v) = h/(z) = 2 = (integrating both sides) h(z) = %
T

The general solution is given by:
ewa 2

P(z,y)=C = 5 +%:e2”+x2:0

We can check that this solution works by differentiation implicitly:

—x — ye?Y

D(egxy + (EQ) _ D(C’) _— 62wy(y + ;L'y’) +r=0= y/ = re2ry

Replacing for 4’ in our original equation:

—x — ye?™y

=ye®™ 4 x—x—ye*™ =0 |, so this is the solution
xe?a:y

(ye*™¥ )+ (ze®™)y' = (ye*™¥ +x)+ (ze*Y)

19. The equation z%y3 + x(1 + y?)y’ = 0 is not exact since, letting M; = 2%y3 and Ny = z(1 + y?), it follows:

OMy_, 5 5 , ON; 9
3 — =1
ay T Y # o +y
; ; con 1 23 2y, 1+y2Y .
But, the following equivalent equation is exact: —[z%y° +2(1+y*)y’ =0] = 2+ 3 y’ = 0 Since,
Ty Y
. 1+ y?
letting M (x,y) = z and N(z,y) = " :
oM _ _ON
oy Ox
The solution is given by:
0 0
Y(x,y) = C, where C is a constant and a—w = M and a—w =N
Z Y

To solve it we proceed as follow:

) 2
vlay) = [ Groo= [00 =T+ h)

Where h(y) is a pure function of y. To find h we differentiate ¥(z,y) w.r.t. y

1
22

2 2
g—w = (1 +3y > =h'(y) = K (y) = (1 +3y > —> (integrating both sides) h(y) = In(|y|) —
Y Y Y



The general solution is given by:

2

1
% +In(ly]) — 52 = multiplying by 2 both sides... C; = 22 + 2In(|y|) —y 2
)

Y(z,y)=C

We can check that this solution works by differentiation implicitly:

- 2y 2 —zy®
D(z? + 2in —y ) =DC]) =22+ =2 +2L =0 /
( (lyl) —y~7) = D(C1) gt =V =13

Replacing for 4’ in our original equation:

1442 1492\ —z3
z+ ( +3y y =z + +3y il 5 =x—x=0 |, so this is the solution
Y Yy L+y

. The equation ydz + (2z — ye¥)dy = 0 is not exact since, letting M7 = y and Ny = (22 — ye¥), it follows:

oM, 0Ny

=1 =2
dy 7 Or

But, the following equivalent equation is exact: y[y + (22 — ye¥)y’ = 0] <= y* + (2zy — y?e¥)y’ = 0 Since,
letting M (z,y) = y? and N(x,y) = (22y — y?eY):

oM _, 0N
oy Y= e
The solution is given by:
Y(x,y) = C, where C is a constant and g—w =M and g—w =N
€ Y

To solve it we proceed as follow:

0
Y(x,y) = / a—wax = /yzax = zy* + h(y)
x
Where h(y) is a pure function of y. To find h we differentiate ¥ (x,y) w.r.t. y

% = 2zy — y’e¥ = 2xy + W' (y) = W' (y) = —y’e”

To obtain h(y) we integrate by parts setting u = y? = du = 2ydy; v = e¥ = dv = e¥dy

[yPevdy = y*e¥ —2 [ye¥

= yPe? —2(e’(y - 1))
y2e¥ — 2yeY + 2eY
e’(y(y —2) +2)
= —h(y)

Hence, h(y) = —e¥(y(y — 2) + 2). The general solution is given by:

C=uay® —e¥(y(y —2) +2)

We can check that this solution works by differentiation implicitly:

2
D(zy®—e¥(y(y—2)+2)) = D(C) = y*+2xyy' —2yy'e? —y e’y + 2y e¥+2ye¥y' —2e¥y = 0 = o/ = m

Replacing for ' in our original equation:

—y?

— = y2 — y2 =0 , so this is the solution
2zy — y2ey

y? + (2zy — yPeV)y = y° + (2zy — yPe)



27. The equation dz + (f — sin(y))dy = 0 is not exact since, letting M, (z,y) =1 and Ny(z,y) = T sin(y):
Y Y

oM, ON;y

1
dy =07 ox 75

We need to find the integrating factor. Assumer that u = p(y), a pure function of y. Then, y is given by:

ON ON 1 0
o or oy oy 1 , 1
= i =3 7y:>u yU70

This is a linear, 1st O.D.E. Solve by separating: u = y (check: since v’ = 1 and v = y and hence, v’ /u = 1/y).

Now, the equation: y + (z — ysin(y))y’ = 0 is exact since, letting M =y and N = x — ysin(y), follows:

oM _, _oN
oy ~  Ox
The solution is given by:
Y(x,y) = C, where C is a constant and % = M and ?TZ’ - N

To solve it we proceed as follow:

Where h(y) is a pure function of y. To find h we differentiate ¥(z,y) w.r.t. y

oy

oy =1z —ysin(y) =z + h'(y) = h'(y) = —ysin(y) = (integrating both sides) h(y) = ycos(y) — sin(y)

The general solution is given by:
Y(x,y) = C = zy + ycos(y) — sin(y)

We can check that this solution works by differentiation implicitly:

D(ay + yeos(y) — sin(y)) = D(C) =y + ay — cos(y)y' + cos(y)y’ — ysin(y)y =y = —— 2
x —ysin(y)
Replacing for ' in our original equation:
y+ (z—ysin(y))y =y + (v — ysm(y))_iy =y—y=0 |, so this is the solution
== pein(y)

Section 2.7
1. The equation 3’ = 3+t —y with y(0) = 1 is a first order, linear equation. We solve this by integrating factor:

(i) Rewrite the equation in the standard form ¢y +y =3 +¢

)
(ii) Integrating factor: since p(t) = 1 we get u(t) = eJ P(dt = o 1dt — ot
(iii) Multiply both sides of the equation by the integrating factor: e'[y’ + y] = €![3 + ¢]
)

d
(vi) Using product rule and implicit differentiation: ﬁ[ety] =e'[3+1]

(v) Integrate both sides: [ %[ety] = [e'B+tldt = ey =e'(t+2)+C



The general solution is y(t) = (¢t + 2) + Ce™t.

Solving for the initial conditions: y(0) =1=2+ C <= C = —1. The particular solution is:
y(t) = (t+2) —e™’

The following table is a comparison of Euler’s method for different values of A and the exact solution.

[t [Exact [h=01]h=005]h=0.025]
0.0 [ 1.00000 | 1.00000 | 1.00000 [ 1.00000
0.1 | 1.19516 | 1.20000 | 1.19750 | 1.19631
0.2 | 1.38127 | 1.39000 | 1.38549 | 1.38335
0.3 | 1.55918 | 1.57100 | 1.56491 | 1.56200
0.4 | 1.72968 | 1.74390 | 1.73658 | 1.73308

The best approximate solution from Euler’s method is when h = 0.025.

4. The equation y' = 3cos(t) — 2y with y(0) = 0 is a first order, linear equation. We solve this by integrating
factor:

(i) Rewrite the equation in the standard form y' + 2y = 3cos(t)

(ii) Integrating factor: since p(t) = 2 we get u(t) = ef Pt = ¢f 2dt — o2t

(iii) Multiply both sides of the equation by the integrating factor: e[y’ + 2y] = 3e?!cos(t)
)

d
(vi) Using product rule and implicit differentiation: —[e?!y] = 3e!cos(t)

dt

d
(v) Integrate both sides: [ —[e*'y] = [ 3e*'cos(t)dt => ey = gezt(sin(t) + 2cos(t)) + C

dt

3
The general solution is y(t) = 3(sm(t) + 2cos(t)) + Ce™2t.

6 6
Solving for the initial conditions: y(0) = 5 +C <= C= —5 The particular solution is:

y(t) = %(sm(t) + 2cos(t)) — 26721&

The following table is a comparison of Euler’s method for different values of i and the exact solution.

[t [Exact [h=01]h=005]h=0.025|
0.0 [ 0.00000 [ 0.00000 [ 0.00000 [ 0.00000
0.1 | 0.27143 | 0.30000 | 0.28481 | 0.27792
0.2 | 0.49090 | 0.53850 | 0.51334 | 0.50181
0.3 | 0.66514 | 0.72482 | 0.69345 | 0.67895
0.4 | 0.79973 | 0.86646 | 0.83157 | 0.81530

The best approximate solution from Euler’s method is when A = 0.025.
Section 3.1

9. Consider the equation y” + 3’ — 2y = 0 with initial conditions: y(0) = 1 and 3/(0) = 1.
This is a linear, homogeneous, 2nd O.D.E. The solution is given by y(t) = e*. Then 3’ = re”, y" = r2e".
So,

0 = r2e" 4 re™ —2e™  Sub. for the solution
= et(r? +r—2) Common factor e
= r’4+r-2=0 Since e™ is never zero
= (r+2)(r—-1)=0 Factoring r

Hence, the general solution is:
y(t) = Cre 2 4 Cye!

Solving for the initial conditions:

y(0) =1=Cre 20+ Che’ = C + Cy = C,=1-Cy=0C;=1-1=0

y/(O) =1= —201672'0 + 0260 =-201+Cy— 1=-2+4+3C,=Cy=1



10.

The particular solution is:
y(t) =¢'

We can check that this is the solution: y(t) = ¢/(t) = y”(t) = €!, and hence y" + 3y’ — 2y = e* + et — 2e? = 0.
Graph of the solution:

a

Finally, tlim y(t) = oo, the solution goes to infinity very quick!.
— 00

Consider the equation y” + 4y’ 4+ 3y = 0 with initial conditions: y(0) = 2 and ¢/(0) = —1.
This is a linear, homogeneous, 2nd O.D.E. The solution is given by y(t) = e¢"*. Then 3’ = re”, y” = r2e".
So,

0 = r2e™ + 4re™ + 3e™  Sub. for the solution
= et (r? + 4r + 3) Common factor e”*
= r’44r4+3=0 Since et is never zero
— (r+1)(r+3)=0 Factoring r

Hence, the general solution is:
y(t) = Cre "t 4 Core 3

Solving for the initial conditions:

y(O):2201€O+0260201+02:>Cl:1—02:> 01:2+ g

1
2
y/(O) =-1= —Cle_t — 3026_3t =-(C1-3C;,=1=C1+30; = 1=-2—-03+3Cy) = (Cy = —%

The particular solution is:

2 2
ia s : / 5 —t 3 —3t " 5 —t 9 —3t
We can check that this is the solution: ¢’ = —35¢ + 3¢ and y” = 3¢ — 3¢ - Hence,
5 9 20 12 15 3 5 20 15 12 9 3
Mgy 43y = Dt e3t_ 2 —t 1 =3t 10—t O st _ -t (2 _ 20 19 -t (227 _2)
YAy =ge mge o e thge e = gt )t e

Graph of the solution:



20.

Plots :

plot Zze™|x/2| — e™x | Computed by Wolfram |Alpha

Finally, tlim y(t) =0 — 0 = 0, the solution converges to zero.
—00

Consider the equation 2y” — 3y’ 4+ y = 0 with initial conditions: y(0) = 2 and 3'(0) = 1.

[

This is a linear, homogeneous, 2nd O.D.E. The solution is given by y(t) = e™. Then y' = re”, y

So,

0 = 2r2em — 3re™ 4 €™ Sub. for the solution
= emt(2r? —3r +1) Common factor e
= 22-3r+1=0 Since et is never zero
— (r-1r-31)=0 Factoring r

Hence, the general solution is:
y(t) = Cret + Coetl?

Solving for the initial conditions:

y(0)=2=C1+C, = C, =25 — O =1

yl(O)Zézcl—f—%Cg <— 1=201+Cy —Cy=3

The particular solution is:
y(t) = 3et/2 — ¢t

3 3
We can check that this is the solution: 3y’ = §et/2 — ¢l and y' = Zet/Q — et. Hence,

9

1

(x from —0.% to 2)

=7

6 9 6
2y”—3y’+y:Zet/Q—Zet—§et/2+3et+3et/2—et:et/2 (—+3)+et(3—2—1):0

4 2

The solution is zero at tg if:

t
y(to) = 0 = 3eto/2 — eto — eto = 3¢t0/2 — 1) = In(3) + 50 =ty = 2In(3) = to = In(9)

The solution is maximum at:

2 2

3 3 3 t 3 9
Y (to) =0 = =efo/2 —glo — elo = Zeto/2 — 45 = ln(§) + 50 =ty = 21n(§) =ty = ln(i)

9 3 3 16 9
Since, y"(In(7)) = 1eln<%>/2 - eln(ig) = ;
The value of the maximum is y(ln(z)) = 3ein(3)/2 _ eIn(3) = y

9
— < 0, the point ¢y = ln(i) is a local maximum.
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