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Section 1.3

13.

Second order, nonlinear.

. First order, nonlinear.

Third order, linear.

Given the following second order, linear differential equation: y” +y = sec(t), 0 <t < 7/2, let us check
that the function y(t) = cos(t)In(cos(t)) + tsint(t) is a solution. For this, let us first compute y” as follow:

y" = [(cos(t)in(cos(t)) + tsin(t)) | Definition of y
= [(cos(t)in(cos(t)))" + (tsin(t ))’]’ Linearity of derivative
= [—sin(t )ln(cos(t)) cos(t) —r cos(t) — sin(t) + sin(t) + tcos(t)] Product rule
= [(In(cos(t)) + 1)(—sin(t)) + sin(t) + tcos(t)] Grouping terms
= [(In(co ( ) + 1)(=sin(t))] + sin(t)’ + (tcos(t))’ Linearity of derivative
= cgsl 7SI 2(t) + (In(cos(t)) + 1)(—cos(t)) + cos(t) + cos(t) + t(—sint(t)) Product rule
= S;ZZ(%) — cos(t)In(cos(t)) — cos(t) + 2cos(t) — tsin(t) Rearranging terms
= s;:s((tt)) — cos(t)In(cos(t)) + COS( ) — tsin(t) Rearranging terms

Now, the relation becomes:

Canceling terms

Trigonometric identity

V' +y = (S(f:j((tt)) — cos(t)In(cos(t)) + cos(t) — tsin(t)) + (cos(t)in(cos(t)) + tsint(t))
= S+ eos(t)
_ sin® (t)+cos?(t)
cos(t)
= Cosl( ) Trigonometric identity
= sec(t). Showing that indeed y is a solution to the differential equation.

Section 2.2

o.

Cdr 14y

dy

—= = (cos®(x))(cos®(2y)). This is a first order, nonlinear, separable differential equation. To solve it we

proceed as follow:

d

. cos?(2z)dx Separating the equation

cos?(2y)
J _dy [ cos*(2z)dx Integrating both sides

cos?(2y)
x/2+sin(2z)/4 = sin(2y)/2cos(2y) + C Trigonometrical integration
2z + sin(2x) = 2tan(2y) +C Multiplying by 4 and trig. identities
2z + sin(2z) — 2tan(2y) = C General Solution.

Where cos(2y) # 0, and 2y cannot be a multiple of 7/2.

dy x2

5- This is a first order, nonlinear, separable differential equation. To solve it we proceed as follow:



1+yHdy = a?ds Separating the equation

JA+yHdy = [a2?dx Integrating both sides
y+1y3/3 = 23/3+C Simple polynomial integration
Jy+y? = 2*+C Multiplying by 3
Jy+y3—23 = C General Solution.
. . . I .
12. Consider the differential equation: =7 with initial condition r(1) = 2
(a) This is a first order, nonlinear, separable equation. To solve it we proceed as follow:
dr do . .
- = - Separating the equation
r 0
d de
J T—g = J 7 Integrating both sides
1 '
- = In(|0]) +C Solving for r
) _ General soluti
r = — eneral solution
In(|6)) + C
Now we solve for C' given that (1) = 2 1 1 = C = Z*. Hence, the solution for the
W W ve for iven r(l)=2= ———— = — = =*. Hen ution for
& n()+C _ C 2 ’
initial value problem is given explicitly by:
2
9 = —-———
) = T30
(b)
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(¢) The function r(#) is a composition of continuos functions so it is continuos everywhere except where it is
not defined. In this case, the function is not defined if 2In(|f|) = 1, which would make the denominator
zero. Hence, # # e2. The domain is therefore 6 € (0,inf) \ e2.



2
15. Consider the differential equation: 3’ = % with initial condition y(z = 2) = 0.
Y

(a) This is a first order, nonlinear, separable differential equation. To solve it we proceed as follow:

(1+2y)dy = 2adx Separating the equation
JA+2y)dy = [2zdzx Integrating both sides
y+y?> = 224+ C Simple polynomial integration

y+y?—2? = C General Solution.

Now we solve for C' given that y = 0 when 2 = 2. Then, 0+ 0% — 22 = C = C = —4. Finally,we solve y
explicitly in terms of z to obtain the solution:

1 1 1 15 15 1
2— 2:— —2——: 2— —_ = 2 _ = 2_ - _Z
y+y —z 4 = (y+2) 17 4 — y+2 +y/x i +/x 13
(b)
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Computed by Wolfram |&lpha

(¢) The solution y = +4/22 — 1?5 — % is defined if and only if 22 — % >0 << 2> @

19. Consider the differential equation: sin(2x)dz + cos(3y)dy = 0 with initial condition y(z = 7/2) = /3. This
is a first order, nonlinear, separable differential equation. To solve it we proceed as follow:

—sin(2x)de = cos(3y)dy Separating the equation

[ —sin(2z)de = [ cos(3y)dy Integrating both sides

C - %cos(?x) = —%sm(Sy) Trigonometric integration
1cos(2x) — %sm(?)y) = C General Solution.

Now we solve for C' given that y = /3 when = 7/2. Then, Jcos(m) — 3sin(r) = C = C = 4. The solution

18:

arcsin(2(cos(2x) —
%cos(?m) - %sin(&g) :% — y(z) = (5( . (2z) — 1))

For the solution to be defined we have to have cos?(x) < 1/3 <= |cos(z)| < 1/v/3, and hence,

arccos(1/V3) < x < — arccos(1/V/3)



22.

23.

24.

32

3y2 —4
nonlinear, separable differential equation. To solve it we proceed as follow:

Consider the differential equation: y' = with initial condition y(x = 1) = 0. This is a first order,

(By? —4)dy = 3a?dx Separating the equation
JBy* —4)dy = [322%dx Integrating both sides
y>—4y = x3+C  Simple polynomial integration

v —dy—a23 = C General Solution.
Now we solve for C' given that y = 0 when x = 1. Then, 03 — 4(0) — 13 = C = C = —1. The solution is:
y3 — 4y — 2 =—1

To determine the interval in which the solution is valid we should first notice that from our original D.E., we
have the constraint that 3y? —4 #0 <= y # :I:%

Consider the differential equation: y’ = 2y? + xy? with initial condition y(z = 0) = 1. This is a first order,
nonlinear, separable differential equation. To solve it we proceed as follow:

d
dﬁ = y?’(2+72) Rewriting the equation
z
dy . .
—- = (2+a)dx Separating the equation
Y
dy . .
[ = [@+a)ds Integrating both sides
Y
22
*71 = 2r+ 5 + C Simple polynomial integration
—72 = 2244z +C Multiplying both sides by 2
(2) 2 General Soluti
= — = eneral Solution.
v 2 +4x+C "
. —92 o
Now we solve for C' given that y(0) =1 = - = C = —2. The solution is:
-2
yl(z) = x? +4x — 2

To obtain the minimum value, it suffices to minimize f(z) = 22 + 4z — 2, since we take —2 and divided by
this value. We know this is a parabola, and so it has a minimum value. Using the first and second derivative
tests the minimum zq is such that: f'(x¢) =0 = 2x0 +4 = zg = —4/2 = —2. Also, f”(x¢) = 2 > 0, hence
Zo is a minimum (which we already know from the fact that f(x) is a parabola). Therefore, the minimum is
attained at z¢g = —2.

X

Consider the differential equation: y’ =

with initial condition y(z = 0) = 0. This is a first order,

linear, separable differential equation. To ?;cjl—viyit we proceed as follow:
B+2y)dy = (2—e%)dx Separating the equation
JB+2y)dy = [(2-e")dx Integrating both sides
3y+y?> = 2x—e®+C Simple polynomial integration

Now we solve for C given that y = 0 when z = 0. i.e., 0 = 0 — e + C' = C = 1. Finally, we write the explicit



solution:

2
1 1
3y+y2=2x—e"’3+1 <— <y+§> :2;5_614_13 — y== Qx_ez+z3_g

This function is maximized exactly when f(z) = |/2z — e® + 1 is maximize. Since the square root is an
increasing function, we can maximize the simpler function g(z) = f(2)? = 2 — e* + 14—3. Using the first and
second derivative tests, the minimum zg is such that : f'(zg) =2 —€"0 =0 = % =2 < 1z7 = In(2).
Also, f"(xzg) = —€® < 0 for any value of zy. Hence, the maximum is attained at xzo = In(2).

Section 2.1

3. (¢)

The equation y' +y = te™! + 1 is a first order, linear equation. We solve this by integrating factor:

(i) The equation is already in the desired form y’ +y = te~! + 1, with 1 as the coefficient of 3.

)
ii) Integrating factor: since p(t) = 1 we get = e Pt — o] 1dt — ot
g g p get pu(t
(iii) Multiply both sides of the equation by the integrating factor: e'[y’ + y] = e'[te™! + 1]
)

d
eyl =t+e

d
(vi) Using product rule and implicit differentiation: ﬁ[ety] =te! "t el = pr

d
(v) Integrate both sides: [ %[ety] = [t+eldt = ely=1t>/2+¢e" +C
The final solution is y(t) = (t2/2 + e + C) /et <= y(t) =t?/2e! + 1+ C/et.

Also, since hm y(t) = 00?/2e> + 1+ C//e> is an indeterminate form, we can use L’Hopital as follow:

i4el+c (3 +et+ce) . t+e
lim y(t) = z = lim 22—~

7 still indeterminate apply L’Hopital again
t—00 e t—00 (et t—oo e

t+ et t+et) 1+eéf 1
—him T U g 1Ty Ly g
t—>oo e t—o00 (et)’ t—oo et t—oo0 et

Since 1/e? goes to zero as t goes to infinity. We could have also derived this limit by observing that e’ grows
much faster than ¢2.

The equation y' + 2ty = 2te=t is a first order, linear equation. We solve this by integrating factor:

(i) The equation is already in the desired form ' + 2ty = 2tet", with 1 as the coefficient of /.
(11 ef 2tdt __

(iii

Integrating factor: since p(t) = 2t we get pu(t) = e P()dt =’

Multiply both sides of the equation by the integrating factor: ' [y + 2ty] = ! [2te=*]

)
)
)
)

4 [et2 y] =2t

d
vi) Using product rule and implicit differentiation: — [et y] = 2tet’ " —
dt dt

(v) Integrate both sides: [ 5 e yldt = [2tdt = ey = 12+ C

t*+C
The final solution is y(t) = %
e
R o0’ +C . .
Also, since ihm y(t) = — 5 is an indeterminate form, we can use L'Hopital as follow:
l— 00
lim 4/(t) = 2+Cc 240y 2 1_O
100 e th (eP) | thoo2tel oo el

We could have also derived this limit by observing that et” grows much faster than t> 4+ C for C a constant.

8. (c) The equation (1+t2)y’ +4ty = (1+12)~2 is a first order, linear equation. We solve this by integrating factor:

(i) Multiply by (1 + ¢2)~! both sides of the equation to transform it to the desired form:

t
/ :1 t2_3
v+ Y (1+17)



15.

16.

; 4t .,

41 —dt

(ii) Integrating factor: since p(t) = o ™ get pu(t) = e/ PMa — ¢ 1+1*" We can solve the integral
by making the substitution: u = 1 + t> = du = 2tdt = dt = %, to obtain as the integrating factor:

e2n(1+%) _ (1 +t2)2

(iii) Multiply both sides of the equation by the integrating factor: (1+t2)2[y'+ T y] = (1+2)2[(1+¢2)73]

d

(vi) Using product rule and implicit differentiation: a[(l +12)2%y] = (1 +¢2)7¢
d
%[(1 +t3)2yldt = [(1+t2)"'dt = (1 + %)%y = arctan(t) + C

arctan(t) + C

(1+12)?
Also, tlim y(t) = 0 since arctan(t) approaches 7/2 as t goes to infinity, but (1 + ¢2)? approaches infinity
— 00

as t approaches infinity. Again, we could have use L'Hopital to solve this limit.

(v) Integrate both sides: [

The final solution is y(t) =

The equation ty’ +2y = t2 —t+1,y(1) = %, t > 0 is a first order, linear equation. We solve this by integrating
factor:

(i) Multiply by ¢t=* both sides of the equation to transform it to the desired form:

2 P —t+1
! _y = —
v+ ty t
2
.. . . 2 St
(ii) Integrating factor: since p(t) = T we ge p(t) = el Pt — o7 ¢ — g2in(t) — 42
. : . . . 2y 2ttt s
(iii) Multiply both sides of the equation by the integrating factor: t*[y’ 4+ ;y] =t [f] =t —t2+t
d
(vi) Using product rule and implicit differentiation: a[tzy] =3 -2+t
d S
(v) Integrate both sides: [ %[to]dt = [(3 =2+ t)dt = t?y = T 3tg T C
U A
T 3t3tC 2 + 1 C
The general solution is y(t) = 4 3 2 2 =713 + 3 + 2
1 1 1 1 3—4+4+6 5 1
N lve for the initial dition: y(1) =—-=---+-4+C=——+C=—=4+C=C= —.
ow we solve for the initial condition: y(1) 5=73 3+2+ ot T B

So our particular solution is:

3t — 43 + 612+ 1
12t2

2t 1 15

2 t
The equation 3" + ;y = C?—j, y(m) = 0,t > 0 is a first order, linear equation. We solve this by integrating

factor:

2 t
(i) The equation is already in the desired form y' + V= Cj—;, with 1 as the coefficient of /.

2
2 —dt
(ii) Integrating factor: since p(t) = 7 we get p(t) = el Pt — ef t = e2nt) =2,
cost
12

]

2
(iii) Multiply both sides of the equation by the integrating factor: #2[y’ + ;y] =17

d
vi) Using product rule and implicit differentiation: —[t?y] = cost
g PTG

d
(v) Integrate both sides: [ a[to] = [ costdt = t*y = sin(t) + C



27.

28.

sin(t) + C

The general solution is y(t) = . Finally, we solve for C' using the initial conditions:

t2
sin(r)+C  C
yim == _C oy
T
The particular solution is:
sin(t)
y(t) = —p

Consider the initial value problem:
, 1
y + V= 2cos(t), y(0)=-1,t>0

This equation is a first order, linear equation. We solve this by integrating factor:

(i) The equation is already in the desired form y' + y = 2cos(t), with 1 as the coefficient of 3.

ld
—at
efQ

(Mg

1
ii) Integrating factor: since p(t) = = we get u(t) = el P(Mdt — =e2.
(i) grating 5 We get p

(iii) Multiply both sides of the equation by the integrating factor: e2 [y + 3y] = e72cos(t)

d t t
(vi) Using product rule and implicit differentiation: %[efy] = 2ezcos(t)

d ,
(v) Integrate both sides: [ %[e%ydt] = [ 2e7cos(t)dt.
Now, using integration by parts,we can compute the right hand side integral and thus obtain the general
solution y(t) = 2 (2sin(t) + cos(t)) + <
e2

Finally, use the initial condition to find a particular solution:

4 C 4 4 9
y(0) b - -

The solution is:

y(t) = g(Zsin(t) + cos(t)) — 52%

Consider the initial value problem:
1

2
! — :lfft 0:
Y+ 3y 5t y(0) = yo

Let ¢y be a value for which the solution y(t) touches, but does not cross, the t-axis. Then we know from
previous calculus that y(tg) = 0,4/ (to) = 0 and y”(tp) # 0 (the second relation holds since at ¢ty we have and
inflection point and the last relation holds since the graph is either concave upward or downward). Using
this information in our original differential equation we can solve for ty as follow:

2 1
O0+-0=1——-t) < txg=2
+3 to 0

Hence, we have the additional information y(2) = y’(2) = 0. Now we can solve the D.E.

The equation 3’ + %y =1- %t is a first order, linear equation. We solve this by integrating factor:

(i) The equation is already in the desired form y' + %y =1- %t, with 1 as the coefficient of 3/.
2
f gdt %t.

2
(i) Integrating factor: since p(t) = 3 e get p(t) = el Pt — ¢
(iii) Multiply both sides of the equation by the integrating factor: e%t[y’ + 2y = e%t[l — 1]

t

o

d f
(vi) Using product rule and implicit differentiation: a[e y] = e3t[1 — 1]



30.

. d. » 2
(v) Integrate both sides: [ %[esty]dt = [e3t[1 — Jt]dt.

Now, using integration by parts, setting u =t = du = dt;v = edt = dv = %e%t, we can compute the
right hand side integral and thus obtain [e3![1 — 1#]dt = Z2e3!(2t —7) + C
L Zedt(2 -7+ C
The general solution is y(t) = 7 . Now we need to solve for yy. From the data of the problem
es
we kwon that
-3 21
y(O):yO:?(—ﬂ—FC g Czyo—g
We can rewrite our D.E. as 5 2 .
ettt -7+ (o - 2)
y(t) =8 24 .
es
Finally, using the fact that y(2) = 0 we can solve for yq:
9,4 21 4
g€’ — =+ 21-9
y)=0=3""5 70 T~ 1642876
es

Consider the initial value problem:
y' —y=1+3sin(t), y(0)=yo

We want to find yg such that the solution to the D.E. remains finite as ¢ — oco. First we need to solve this
equation. This is a first order, linear equation. We solve this by integrating factor:

(i) The equation is already in the desired form y' — y = 1 + 3sin(t), with 1 as the coefficient of 3/.

Multiply both sides of the equation by the integrating factor: e~![y’ — y] = e7![1 + 3sin(t)]

i)
(ii) Integrating factor: since p(t) = —1 we get pu(t) = e Pt = o —1dt — o=t
(iii)

)

d
vi) Using product rule and implicit differentiation: —[e~ty] = et + 3e~!sin(t
dt

d
(v) Integrate both sides: [ %[e’ty]dt = [(e7" + 3e tsin(t))dt.
Now, using integration by parts, setting u = sin(t) = du = cos(t)dt;v = ¢! = dv = —e™ !, we can

compute the right hand side integral and thus obtain
/(e*t +3e tsin(t))dt = —e~! — ge*t(sm(t) +cos(t)) +C

And so the general solution is:
3
y(t) = Ce' — §(sm(t) + cos(t)) — 1

Plugging the value for ¢ = 0 and solving for C":

3 5 5
= = —1—7: —_ - — —
y(0) =yo=C 5 C 2<:>C' y0+2

The particular solution is:

(1) = (g0 + 2)et — 2 (sin(t) + cos(t)) — 1

Since we have a linear factor of e!, the only way for this function to remain positive is if we set 1o = f%, SO
that we make null the term involving e, i.e., the function

y(t) = —g(sz’n(t) +cos(t)) — 1

will remain finite at ¢ goes to infinity.



