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12 Multivariable Differential Calculus
12.5 The Chain Rule

Thu, 05/Feb ©2004, Art Belmonte
Summary
e With X =[xq,..., Xn], letu = f(x) be a real-valued

function ofn variables defined on a subd@tof R". In turn,
X is a vector-valued funtion ah variables, defined on a
subsetE of R™ with x(E) c D.

X =X(t) = [X1 (11, ...

1tm)a"'7xn(t17"'7tm)]

The [partial] derivativedu/at; is given by
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e NOTE: If m = 1, thendu/dt anddx/dt are ordinary
derivatives (as opposed to partial derivatives). This is
immaterial to the mechanical computation of derivatives.
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e With X =[xq,..., Xn], suppose thak (x) = 0 implicitly
definesxj as a function of the othet. Then a fast way to
computedx;j /axk implicitly is

_ 9F/ax
Xk

oF/0X; ’

fork £ j.

Hand Examples
762/5

Givenw = xy?z3, x = sint, y = cost, z = 1+ e, use the Chain
Rule to finddw /dt.

Solution

Letg =[x, VY, z]. Then

dw
dt

dg
T,
dx dy dz}

one e[ G
[y223, 2Xy 2, 3xy222] : [cost, —sint, 292‘]

y2Z3 cost — 2xyZsint + 6xy%z2e*

or (1+ e2t)3cosgt - 2(1+ e2t)3sin2t cost + 662 (l+ eZt)zsint cot

after substitution.

762/14

Write out the Chain Rule for the case that= f (X, y, z) and
X =X(t,u),y =y, u),z=z(,u).

Solution

Letg =[x, VY, z]. Then

ow _ g, 99
at ot
axX 0y 0z
= [fx, fy, fz]- | —, =, —
[X5 Yy Z] [8t7 8t5 8t}
_ofox af gy of oz
T 9x o9t dyoat  gzot’

The expansion odw/du is similar.

763/28

Findaz/ox anddz/dy if Xxyz= coSXx + Yy + 2).

Solution

DefineF(x, Yy, z) = xyz— cogX + Yy + 2). ThenF(x,y,z2) =0
implicitly definesz as a function ok andy. Hence

g__aF/ax__yz+sin(x-|-y+z)

ax  9F/az  xy+sinx+y+2)°
Similarly, 02 = X2+ SnX+ Y +2)
¥, dy  Xy+sinx+y+2z

763/38

Car A is traveling north on Highway 16 at 90 kim Car B is
traveling west on Highway 83 at 80 kin. Each car is
approaching the intersection of these highways. How fast is the
distance between the cars changing when car A3kt from the
intersection and car B is.& km from the intersection?

Solution

Let x be the directed distance of car B from the intersectionyand
be the directed distance of car A from the intersection.z e
the distance between the cars. (Draw a diagram!) By the

Pythagorean Theorem= /x2 + y2. Letg =[x, y]. Then

dz _ 3,

dz dg
dt

dt
dx d
[2x. zy] - [d_?[( d—ﬂ continued—



= :% (X2 + yZ)*l/Z (2x), % (X2 + yZ)*l/Z (2y)] . [%%’ %%,:
_[x oy ] pex
IR VAN Ry . [dt’ dt]
= 24 ; 93 .[~80, 90]
\/(0-4)2 +(-0.3) \/(0.4)2 4 (~0.3)2
= —118knyh.
MATLAB Examples

s762x10

Givenz = xtan1(xy), x = t2, y = sé, use the Chain Rule to
find zs = 9z/dsandz = 9z/at.

Solution

Herewith the needful, with and without substitution. Symbolic
variables in MATLAB are by default complex. Note the
declaration that makes themal or unreal (complex). Tildes (")
appear when there are assumptions on variables (such as the
that they're real and/or positive)—and only when usgimetty .

%

% Stewart 762/10
%

syms st xy real
z = x * atan(x*y);

grad -z = grad(z,[x,y]); pretty(grad z) % Tildes!
[ o 2]
[ Xy X ]
[atan(X™ y7) + --mm--meeem e ]
2 2 2 2
[ 1+x Yy 1+x y]
%
g = [t"2, s*exp(t)];
g-s = diff(g,s)
g-s =
[ 0, exp(t)]
gt = diff(g,t)
gt =
[ 2%, s*exp(t)]
%
z_s_decaf = dot(grad =z, g -s);
z_t decaf = dot(grad z, g -t);
z_s_leaded = subs(z _s_decaf, [x y], 9);
z_t leaded = subs(z _t _decaf, [x y], 9);
%
syms st x y unreal % Ax those tildes!
pretty(z _s_decaf) % z _s w/o substitution
2
X exp(t)
2 2
1+x vy
pretty(z -t _decaf) % z _t w/o substitution

2
/ Xy \ X s exp(t)
2 |atan(x y) + ---------| [ t + —meemeeeee
| 2 2 2 2
\ 1+x y/ 1+x vy
pretty(z _s_leaded) % z _s with substitution
4
t exp(t)
4 2 2
1+t s exp)
pretty(z -t _leaded) % z _t with substitution
/ 2
2 t s exp(t) |
[2 atan(t s exp(t) + 2 --------mm--mmee- |t
| 4 2 2|
\ 1+t s expt)/
4
t s exp(t)
O
4 2 2
1+t s exp)

%
echo off; diary off

s763x18

Givenu = Xy + yz+zx, x = sty = €5, z = t2,

fﬁn? Us = du/as andu; = du/dt whens = 0 andt = 1.
ac

Solution

Once the dust settles and substitutions are made, we see that
us(0, 1) = 3 andu; (0, 1) = 2.

%

%

6 Stewart 763/18

%

syms st x vy z real
u = Xty + y*z + z*x;
grad .u = grad(u,[x,y,z])

X

grad .u =
[ y+z, x+z, y+x]

%
g = [s*t, exp(s*), t°2];

g-s = diff(g,s)

gs =

[ t, tYexp(s*), 0]

g-t = diff(g.t)

gt =

[ s, s*exp(s*t), 24]

%

u_s_decaf = dot(grad _u, g -s);

u_t decaf = dot(grad .u, g -t);
us_leaded = subs(u _s_decaf, [x y z], Q);
u_t _leaded = subs(u _t_decaf, [x y z], Q);

%
syms s t x y unreal
pretty(u

% Ax those tildes!
_s_leaded) % u _s with substitution



2 2
(exp(st) +t)t+ (st +t)t exp(st) grad .u =
pretty(u -t _leaded) % u _t with substitution
[ diff(f(x,y).x), diff(f(x,y),y)]

2 2

(exp(s t) + t)s+(st+t)s exp(s t) %
+ 22exp(st)+2stt g = [exp(s)*cos(t), exp(s)*sin(t)]
%
usl0 = subs(u _s_leaded, [s t], [0 1]) g =
usl0 =

3 [ exp(s)*cos(t), exp(s)*sin(t)]
utl0 = subs(u _t _leaded, [s t], [0 1])
utlo = g-s = diff(g,s)

2
% gs =

echo off, diary off [ exp(s)*cos(t), exp(s)*sin(t)]

g-t = diff(g,t)

S763x28 [763/28 revisited] ot =

[ -exp(s)*sin(t), exp(s)*cos(t)]

Findoz/ox anddz/dy if Xxyz= cosx + Yy + z).
%
us = grad u * g.s’

Solution s =

DefineF(x, Yy, z) = Xyz— coX + Yy + z). ThenF(x,y,z) =0 ) xyrexp(s)*cos(t) (i), y)'exp(s)sint)
implicitly definesz as a function ok andy. Theidiff command ut =grad u*g.t’
| wrote then yields the requisite implicit derivatives. ut =

o -diff(f(x,y),x)*exp(s)*sin(t)+diff(f(x,y),y)*exp(s)*cos(t)
(]

% Stewart 763/28 %
% left = grad _u * grad _u.; % sum of squares
syms x y z Vv = [u.s, udt;
F = x*_y*_z - cos(x+y+z); right = exp(-2*s) * (v * V.);
z.x = idiff(F,z,x); pretty(z X) It s _zero = simple(left - right)
sy z -siny + x + 2) It s _zero =
Xy + sinly + x + 2) 0
z.y = idiff(F,z,y); pretty(z )

) %
-z X - sinly + x + 2)
_____________________ echo off; diary off
Xy +sinly + x + 2)
%

echo off; diary off

s763x40

If u= f(x,y), wherex = e®cost andy = €°sint, show that
du 2+ du\* _ o (2 2+ au\?
ax ay) 9s ot '
Solution

“Simply” show that left-right simplifies to zero. (There’s actually
quite a bit going on behind the scenes!)

%

% Stewart 763/40

%

syms stuxy real
u = sym(f(x.y)’);

grad .u = grad(u,[x,y])




