CSCI-B555 Midterm Exam -- 100 Points

Spring 2015 Prof. Predrag Radivojac

Name: E}\@ QUP -f\t e,mj ATVA

Closed book, closed notes, open mind.

Remember:;

Each question is worth 10 points.

You are to draw a line through the 2 (two) questions you
do NOT want counted.

Be sure to show all your work.

Do all the work on these exam pages.

Do not take exam apart.

If you need more space, use the back of the adjoining page and

tell me where to look!

Good Luck!
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Problem 1. Miscellaneous

1.1. (4 points) Let (©,F, P) be a probability space and let A, B € F. Using only the axioms of
probability and basic set operations, prove or disprove that P(A N B) = P(4) + P(B) —! 1.
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1.2. (2 points) What is the main difference between supervised and unsupervised learning?
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1.3 (2 points) Write the perceptron update rule. Assume thatx € R* and y € {—1,+1}.
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1.4 (2 points) Briefly describe the difference between batch and stochastic (incremental) modes
of optimization.
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Problem 2. Elements of Probability Theory

2.1 (4 pomts) Consider a measurable space (0, F), where & = [0,1] and F = ’B(ﬂ). Define a set
function P on thls space as follows
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2.2 (4 points) Consider a probability space (.,Q,,‘&C.', P) and any two events 4 and B from . Using
axioms of probability and elementary set operations (U, N, and complement), prove that:
a) (2 points) P(AN B¢) = P(A) — P(ANB)
b) (2 points) P(A° N BY) = 1 — P(A) — P(B) + P(AN B)
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2.3. (2 pomts) Let of (X,Y) be a discrete random vector. Write a deﬁmtlon of the conditional
expectation E[X|y} if pyy (%, ¥), the joint probability mass function, is known.
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Problem 3. Random Variables

3.1. (5 points) Independence and conditional independence.
a) (2 points) Provide a mathematical formulation of conditional independence between two

random variables X and Y, given some other random variable Z.
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b) (1 point) True or false. Independent random variables are conditionally independent
regardless of the variable they are conditioned on.
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c) [2 points) Suppose you are given four random variables W, X, ¥, and Z Varlables{W X and
' Y are conditionally independent given Z. Provide a graphlcal representation of this

Slti.latlon

3.2 (3 points) Suppose we are given four random variables W, X, ¥, and Z and their joint
probability distribution P(W, X,Y, Z). If we know that(E(Y|X) = P(Y) provide a factorization of
P(W,X,Y,Z) that corresponds to a graphical representatlon““fh the smallest number of edges.

Use directed graphs.
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3.3 (2 points) Suppose X is a random variable such that E[X] = 2 and E[X?] = 8. Calculate
E[(2 + 4X)?].
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Problem 4, Foundations of Classification and Regression

4.1 (2 points) Define Bayes risk classifier or intuitively explain what it is.
e ———

A B nowe 1.5 T n‘"""
e(H,A) P(..r(l@)dﬂ The  Bages Wigie IS W0 P e
. MCuf W/L()n e lecting mMOC
> / Z }1 H oS e hoe hodel . (_ 5
AL 0 'f’“\“:\" -'-
(tws beeonoy ¢ Sum We won) 4o minieni 3 "'p”“"*-‘--*’ el
b\/{/\.Qj\ f\"{OQlQJz }S d‘\.‘s ct :Q"f{j ‘) %{t 6 ¢ fg\{:‘ﬂ‘ C’C) ‘Ea(}:l:ﬂ ',("',- 1_:.'; F 0 B g KH}Q il“’dﬂf.

4.2 (2 points) What is the optimal regression model when the cost (or loss) function between the
prediction f(x) and the true target value y is c¢(f (x),y) = (f(x) — y)? for any data point?
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4.3 (2 points) Briefly explain the difference between generative and discriminative classifiers.
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4.4 (2 points) What is the main difference between multi-class and multi-label classification?
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4.5 (2 points) What is the main difference between multi-class and mu]t1 label cla351f1cat10n7
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Problem 5. Expectation-Maximization Algorithm

5.1. (3 points) What function is maximized in the EM algorithm? Provide a formula and/or a
precise description.
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5.2. (3 points) What is the main characteristic of problems that are suitable for an application of
the EM algorithm?
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5.3. (2 points) In the process of estimating the parameters of a finite mixture of distributions,
what is the intuition that leads to the solution we refer to as classification EM algorithm?
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5.4, (2 points) Briefly discuss the relationship between the EM algorithm and K-means
clustering?

Both oF  Awese alsow‘thmg attempt to eshmate Tt
fara metecs of CU nieyg fure 9] dista bahoas , hul

C-means vses Some SerT of disttnge Mohg, Ghereas =

PQ {\ WAS f.‘:"J( pe clechon / Ndnaa o) eho, Ql Q@ﬂ«dy bte Aata

( label + dota)

S L




Problem 6. Linear Regression

6.1 (2 points) Consider a training set D = {(x;,y;)}{=;. Write an error function that is typically
minimized in OLS linear regression? Do not use matrix formulation.
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6.2 (2 points) Draw a radial basis function (RBF) network with 2-dimensional inputs and 4 basis
functions. Define all variables and functions,
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6.3 (3 points) Briefly describe the need for regularization in OLS regression. Then define at least

one regularization method actively used in OLS regression.
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6.4 (3 points) Use matrix notation to derive a gradient descent method for find a solution to OLS
regression. Assume that X = {1} X R¥, and Y = R. The table below (from class) provides useful
derivatives. . ‘ 0S -
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7.1. (10 points) Suppose that data set D ={1,0,1,1,1,0,1,1,1,0} is an iLid. sample from a

|
Problem 7. Parameter Estimation : ‘
Bernoulli distribution I

p(x|a) = a*(1—a)t™ 0<a<1 |

with an unknown parameter a.

a) (4 points) Calculate the log-likelihood function that D was generated from the Bernoulli
distribution with a = 1/3; ie find Inp(D|a = 1/3). The parameter e is the Euler number,

e =~ 2.71. Write the final expression in as compact a form as you can. 2 g \o - 2 X,
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b) (6 pomts) Supp se the pl"lOl" 1str1 ution for « is the uniform distribution on (0,1).
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Problem 8. Linear Classification

8.1 (2 points) Write the expression for P(Y = 1|x) in logistic regression Describe all variables
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8.2 (2 points} What is the main difference between a logrstic regression classifier and a percep-
tron? A e
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8.3 (2 points) What is the main smniarlty in how the logistic regression model and the percep-
tron are trained?

8.4 (2 points) Why are we adding a column of ones to our data matrix X before performing the
logistic regresswn dptlmwatlon?

e

8.5 (2 points) What does the Pocket algorithm minimize? ‘
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9.3 (2 points) Intuitively explain the notion of likelihood in the logistic regression problem.
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Problem 9. Classification and Regression

9.1. (2 points) How is Newton-Raphson’s method used in logistic regression? :
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9.2 (2 points) What is overfitting? '
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9.4 (2 points) Briefly describe the relationship between the gradient descent and Newton-

Raphson’s method. -
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9.5 (2 points) If the perceptron is a non-linear function f: X' = Y defined as %
|

C(+1 wix>0
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where w is a set of weights, how come we call perceptron a linear classifier? Are we wrong?
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Problem 10. True or False
(no explanation or justification, just write T or F in the spaces below questions)

10.1. (2 points) Consider a probability density function py (x). The value of this function at point
x, represents the probability that random variable X has value x,.

T

®

P

A

10.2. (2 points) There exist 2™ distinct factorizations of a discrete joint probability distribution
P(Xy,X,, ..., X,,) involving n random variables.

T

10.3. (2 points) Consider the following estimator

& = arg max{P(a|D)P(D)}

where D is some set of observations and « is a parameter. This estimator is referred to as the
maximum a posteriori (MAP) estimator.,

e

10.4 (2 points) The maximum likelihood solution to an ordinary least squares regression
problem produces an unbiased estimator.

e

\

10.5 (2 points) In linear classification, the minimization of the Euclidean distance between the
predictions and the class labels on the training set is guaranteed to find a global minimum.
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